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Voice Conversion Based on Maximum Likelihood
Estimation of Spectral Parameter Trajectory
Tomoki Toda, Member, IEEE, Alan W Black, Member, IEEE, Keiichi Tokuda, Member, IEEE

Abstract— In this paper, we describe a novel spectral conversion method for voice conversion (VC). A Gaussian Mixture
Model (GMM) of the joint probability density of source and
target features is employed for performing spectral conversion
between speakers. The conventional method converts spectral
parameters frame by frame based on the minimum mean square
error. Although it is reasonably effective, the deterioration of
speech quality is caused by some problems: 1) appropriate
spectral movements are not always caused by the frame-based
conversion process, and 2) the converted spectra are excessively smoothed by statistical modeling. In order to address
those problems, we propose a conversion method based on
the maximum likelihood estimation of a spectral parameter
trajectory. Not only static but also dynamic feature statistics are
used for realizing the appropriate converted spectrum sequence.
Moreover, the oversmoothing effect is alleviated by considering
a global variance feature of the converted spectra. Experimental
results indicate that the performance of VC can be dramatically
improved by the proposed method in view of both speech quality
and conversion accuracy for speaker individuality.
Index Terms— VC, GMM, MLE, dynamic feature, global
variance.

I. I NTRODUCTION
OICE conversion (VC) is a potential technique for ﬂexibly synthesizing various types of speech. This technique
can modify nonlinguistic information such as voice characteristics while keeping linguistic information unchanged. A
statistical feature mapping process is often employed in VC.
A mapping function is trained in advance using a small
amount of training data consisting of utterance pairs of source
and target voices. The resulting mapping function allows the
conversion of any sample of the source into that of the target
without any linguistic features such as phoneme transcription.
A typical VC application is speaker conversion [1] in which
the voice of a certain speaker (source speaker) is converted to
sound like that of another speaker (target speaker). Because
no linguistic features are used, this conversion framework
can straightforwardly be extended to cross-language speaker
conversion [2], [3] to realize target speakers’ voices in various languages by applying the mapping function trained in
a certain language into the conversion process in another
language. There are many other VC applications such as
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conversion from narrow-band speech to wide-band speech for
telecommunication [4], [5], modeling of speech production
[6], [7], acoustic-to-articulatory inversion mapping [8], [9],
body-transmitted speech enhancement [10], [11], [12], and a
speaking aid [13], [14]. In this paper, we describe spectral
conversion algorithms for speaker conversion, which can also
be applied to various other applications.
Many statistical approaches to VC have been studied since
the late 1980’s [15]. Abe et al. [1] proposed a codebook mapping method based on hard clustering and discrete mapping.
The converted feature vector ŷ t at frame t is determined
by quantizing the source feature vector xt to the nearest
centroid vector of the source codebook and substituting it with
(y)
a corresponding centroid vector cm of the mapping codebook
as follows:
ŷ t

= c(y)
m .

(1)

The large quantization error due to hard clustering is effectively reduced by adopting fuzzy vector quantization (VQ)
(x)
[16] that realizes soft clustering. Continuous weights wm,t
for individual clusters are determined at each frame according
to the source feature vector. The converted feature vector is
deﬁned as a weighted sum of the centroid vectors of the
mapping codebook as follows:
ŷ t

=

M
X

(x)

wm,t c(y)
m ,

(2)

m=1

where M is the number of centroid vectors. Moreover, more
variable representations of the converted feature vector are
achieved by modeling a difference vector between the source
and target feature vectors [17] as follows:
ŷ t

= xt +

M
X

³
´
(x)
(x)
wm,t c(y)
.
m − cm

(3)

m=1

In this method, a very strong correlation between those two
vectors is assumed. In order to directly model the correlation
between them, Valbret et al. [18] proposed a conversion
method using linear multivariate regression (LMR), i.e., continuous mapping based on hard clustering, as follows:
ŷ t

= Am xt + bm ,

(4)

where Am and bm are regression parameters. There are many
methods other than those mentioned above, e.g., conversion
methods based on speaker interpolation [19] and neural networks [20]. As the most popular method, Stylianou et al.
[21] proposed a conversion method with a Gaussian mixture
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model (GMM) that realizes continuous mapping based on soft
clustering as follows:
ŷ t

=

M
X

(x)

wm,t (Am xt + bm ) .

(5)

m=1

This mapping method is reasonably effective. However, the
performance of the conversion is still insufﬁcient. The converted speech quality is deteriorated by some factors, e.g.,
spectral movement with inappropriate dynamic characteristics
caused by the frame-by-frame conversion process and excessive smoothing of converted spectra [22], [23].
We propose spectral conversion based on the maximum likelihood estimation (MLE) of a spectral parameter trajectory. In
order to realize appropriate spectral movements, we consider
the feature correlation between frames by applying a parameter
generation algorithm with dynamic features [24], [25], [26],
which works very well in hidden Markov model (HMM) based
speech synthesis [27], [28], to the GMM-based mapping. This
idea makes it possible to estimate an appropriate spectrum
sequence in view of not only static but also dynamic characteristics. Furthermore, in order to address the oversmoothing
problem of the converted spectra, we consider the global
variance (GV) of the converted spectra over a time sequence
as a novel features-capturing characteristic of the parameter
trajectory. This idea effectively models missing information in
the conventional frameworks of statistical conversion. Results
of objective and subjective evaluations demonstrate that the
proposed method successfully causes dramatic improvements
in both the converted speech quality and the conversion accuracy for speaker individuality. We present further details of
the conversion method, more discussions and more evaluations
than described in our previous work [23].
The paper is organized as follows. In Section II, we describe
the conventional GMM-based mapping method. In Section
III, we describe the proposed conversion method considering
dynamic features and the GV. In Section IV, experimental
evaluations are presented. Finally, we summarize this paper in
Section V.

A. Probability density function
Let xt and y t be D-dimensional source and target feature
vectors at frame t, respectively. The joint probability density
of the source and target feature vectors is modeled by a GMM
as follows:
P (z t |λ

) =

M
X

(z)
wm N (z t ; µ(z)
m , Σm ),

(x)

(y)

where µm and µm are the mean vector of the m-th mixture
component for the source and that for the target, respectively.
The matrices Σ(xx)
and Σ(yy)
are the covariance matrix of the
m
m
m-th mixture component for the source and that for the target,
respectively. The matrices Σ(xy)
and Σ(yx)
are the crossm
m
covariance matrices of the m-th mixture component for the
source and the target, respectively. These covariance matrices,
(xy)
(yx)
(yy)
Σ(xx)
m , Σm , Σm , and Σm , are diagonal in this study.
The GMM is trained with the EM algorithm using the
joint vectors, which are automatically aligned by Dynamic
Time Warping (DTW), in a training set. This training method
provides estimates of the model parameters robustly compared
with the least-squares estimation [21], particularly when the
amount of training data is small [29].
B. Mapping function
The conditional probability density of y t , given xt , is also
represented as a GMM as follows:
P (y t |xt , λ(z) ) =

M
X

P (m|xt , λ(z) )P (y t |xt , m, λ(z) ),

(8)

m=1

where
(x)

wm N (xt ; µm , Σ(xx)
m )
,
P (m|xt , λ(z) ) = PM
(x)
(xx)
)
,
Σ
w
N
(x
;
µ
n
n
t
n
n=1
(y)

P (y t |xt , m, λ(z) ) = N (y t ; E m,t , D (y)
m ).

(9)
(10)

(y)

The mean vector E m,t and the covariance matrix D (y)
m of the
m-th conditional probability distribution are written as
(y)

E m,t

=

D (y)
m

=

(yx) (xx)
µ(y)
m + Σm Σm

Σ(yy)
m −

−1

(xt − µ(x)
m ),

(xx) −1 (xy)
Σm .
Σ(yx)
m Σm

(11)
(12)

In the conventional method [21], [29], the conversion is
performed on the basis of the minimum mean-square error
(MMSE) as follows:

II. C ONVENTIONAL GMM-BASED M APPING

(z)

(z)

The mean vector µm and the covariance matrix Σ(z)
m of the
m-th mixture component are written as
"
#
· (xx)
¸
(x)
µm
Σm
Σ(xy)
(z)
(z)
m
µm =
,
Σ
=
,
(7)
m
(y)
Σ(yx)
Σ(yy)
µm
m
m

ŷ t

= E[y t |xt ]
Z
=
P (y t |xt , λ(z) )y t dy t
=

Z X
M

(6)

m=1

m=1
> >
>
where z t is a joint vector [x>
denotes
t , y t ] . The notation
transposition of the vector. The mixture component index is m.
The total number of mixture components is M . The weight of
the m-th mixture component is wm . The normal distribution
with µ and Σ is denoted as N (·; µ, Σ). A parameter set of the
GMM is λ(z) , which consists of weights, mean vectors and
the covariance matrices for individual mixture components.

P (m|xt , λ(z) )P (y t |xt , m, λ(z) )y t dy t

=

M
X

(y)

P (m|xt , λ(z) )E m,t ,

(13)

m=1

where E[·] means the expectation and yˆt is the converted
target feature vector. Note that this mapping function has
(x)
the same form as in Eq. (5) with P (m|xt , λ(z) ) = wm,t ,
−1

(y)

−1

(x)

(xx)
(xx)
Σ(yx)
= Am , and µm − Σ(yx)
µm = bm .
m Σm
m Σm
In each mixture component, the conditional target mean vector
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Fig. 1. Mapping functions on the joint feature space. The contour lines show
normalized frequency distribution of training data samples.
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Fig. 2.
Example of converted and natural target parameter trajectories.
Different local patterns are observed in ellipses. Note that phoneme duration
of the converted speech is different from that of the target.
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for the given source feature vector is calculated by a simple
linear conversion based on the correlation between the source
and target feature vectors, as shown in Eq. (11). The converted
feature vector is deﬁned as the weighted sum of the conditional
mean vectors, where the posterior probabilities, in Eq. (9),
of the source vector belonging to each one of the mixture
components are used as weights.
Figure 1 shows some mapping functions on a joint space
of one-dimensional source and target features: that in the
codebook mapping method (“VQ”) shown by Eq. (1), that
in the fuzzy VQ mapping method using the difference vector
(“Fuzzy VQ using difference vector”) shown by Eq. (3), and
that in the GMM-based mapping method (“GMM”) shown by
Eq. (13). The number of centroids or the number of Gaussian
mixture components is set to 2. We also show values of the
conditional expectation E[y|x] calculated directly from the
training samples. The mapping function in the codebook mapping method is discontinuous because of hard clustering. The
mapping function to which the fuzzy VQ and the difference
vector are applied nearly approximates the conditional expectation. However, its accuracy is not high enough. Compared
with those, the GMM-based mapping function is much closer
to the conditional expectation because of the direct modeling
of the correlation between the source and target features.
Furthermore, it allows soft clustering based on the posterior
probabilities of the GMM that can represent the probability
distribution of features more accurately than the VQ-based
algorithms by modeling the covariance. Therefore, the GMMbased mapping function has a reasonably high conversion
accuracy.
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Example of converted and natural target spectra.

similar, they sometimes have different local patterns. Such
differences are often observed because the correlation of the
target feature vectors between frames is ignored in the conventional mapping. In order to realize the appropriate converted
spectrum sequence, it is necessary to consider the dynamic
features of the parameter trajectory.
Figure 3 shows an example of the converted and natural
target spectra. We can see that the converted spectrum is excessively smoothed compared with the natural one. The statistical
modeling often removes the details of spectral structures. This
smoothing undoubtedly causes error reduction of the spectral
conversion. However, it also causes quality degradation of
the converted speech because the removed structures are still
necessary for synthesizing high-quality speech.

C. Problems
Although the GMM-based mapping function works well,
there still remain some problems to be solved. This paper
is focused on two main problems, i.e., the time-independent
mapping and the oversmoothing effect.
Figure 2 shows an example of the parameter trajectory
converted using the GMM-based mapping function and the
natural target trajectory. Although these two trajectories seem

III. P ROPOSED S PECTRAL C ONVERSION
Instead of the conventional frame-based conversion process,
we propose the trajectory-based conversion process written as
ŷ = f (x),

(14)

where f (·) is a mapping function. The vectors x and y
are time sequences of the source and target feature vectors,
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x
y

£ > >
¤
> >
x1 , x2 , · · · , x>
,
t , · · · , xT
£ > >
¤
>
> >
= y1 , y2 , · · · , yt , · · · , yT .
=

(15)

y1

Y1

y2

Y2

∆y2

h

Y

i>
>
>
>
X>
,
1 , X2 , · · · , Xt , · · · , XT
i>
h
>
>
>
.
= Y>
1 ,Y 2 ,··· ,Y t ,··· ,Y T

(18)

where m = {m1 , m2 , · · · , mt , · · · , mT } is a mixture component sequence. The conditional probability density at each
frame is modeled as a GMM. At frame t, the m-th mixture
component weight P (m|X t , λ(Z) ) and the m-th conditional
probability distribution P (Y t |X t , m, λ(Z) ) are given by
(20)
(21)

where

)
Y)
D (Y
= Σ(Y
−
m
m

−1

(X t − µ(X)
m ),

X) (XX) −1 (XY )
Σ(Y
Σm
Σm .
m

(22)
(23)

Note that the conditional mean vector is represented as a linear
conversion from the source feature vector, as described in the
previous section.
1 We

may also use delta-delta features.
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w (−1) = −0.5, w (0) = 0, and w (1) = 0.5 in Eq. (28).

2) MLE of parameter trajectory: A time sequence of the
converted feature vectors is determined as follows:
ŷ

=

argmax P (Y |X, λ(Z) ).

(24)

In the same manner as the parameter generation algorithm
from an HMM [24], [25], this determination is performed
under the explicit relationship between a sequence of the static
feature vectors y and that of the static and dynamic feature
vectors Y represented as the following linear conversion (see
also Figure 4),
Y

= W y,

(25)

where W is the 2DT -by-DT matrix written as
W

(Y )

y1

DT

t=1 m=1

(Y X) (XX)
)
E m,t = µ(Y
Σm
m + Σm

0

(17)

The GMM λ(Z) of the joint probability density P (Z t |λ(Z) )
> >
is trained in advance using joint vectors Z t = [X >
t , Yt ]
by straightforwardly adopting the conventional training framework [29].
1) Likelihood function: We perform the spectral conversion
based on maximizing the following likelihood function,
X
P (m|X, λ(Z) )P (Y |X, m, λ(Z) )
P (Y |X, λ(Z) ) =
all m
T X
M
Y
=
P (m|X t , λ(Z) )P (Y t |X t , m, λ(Z) ),
(19)

(X)
)
wm N (X t ; µm , Σ(XX)
m
P (m|X t , λ(Z) ) = PM
,
(X)
(XX)
w
N
(X
;
µ
,
Σ
)
n
n
t
n
n=1
(Y )
)
P (Y t |X t , m, λ(Z) ) = N (Y t ; E m,t , D (Y
m ),

0

1

A. Conversion considering dynamic features

=

0

0
YT

We use
source£ and target¤ feature vectors
£ 2D-dimensional
¤
> >
> >
X t = x>
and Y t = y >
consisting of
t , ∆xt
t , ∆y t
D-dimensional static and dynamic features at frame t.1 Their
time sequences are respectively written as

0

2D
2DT

y

1
2D

∆y1

(16)

The proposed framework simultaneously converts feature vectors in all frames over a time sequence.
In the following, we emphasize the proposed framework
by introducing two main ideas: 1) the conversion considering
the feature correlation between frames and 2) the conversion
considering the GV.

X

W

Y

respectively, and are written as

Wt

>

= [W 1 , W 2 , · · · , W t , · · · , W T ] ⊗ I D×D , (26)
h
i
(0)
(1)
= wt , wt ,
(27)
(n)

(n)

wt

(t−L− )-th
(t)-th
h 1st
(n)
=
0 , · · · , 0, w(n) (−L− ), · · · , w(n) (0), · · · ,
(n)

(t+L+ )-th
(n)
w(n) (L+ ), 0, · · ·
(0)

T -th

, 0

i>

,

n = 0, 1,

(28)

(0)

L− = L+ = 0, and w(0) (0) = 1. In this paper, we describe
two solutions for Eq. (24).
EM algorithm: As described in [26], we iteratively maximize the following auxiliary function with respect to ŷ,
Q(Y , Ŷ )
X
P (m|X, Y , λ(Z) ) log P (Ŷ , m|X, λ(Z) ). (29)
=
all m
The converted vector sequence maximizing the auxiliary function is given by
¶−1
µ
−1
> (Y ) −1
W
ŷ =
W D
W > D (Y ) E (Y ) , (30)
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where
D (Y )

D (Y )

−1

−1

(Y ) −1

E (Y ) =

(Y ) −1

=

Dt
(Y ) −1

X1

·
(Y ) −1
(Y ) −1
= diag D 1
, D2
,··· ,
¸
(Y ) −1
(Y ) −1
Dt
, · · · DT
,
"
D1

(Y )

E1

>

(Y ) −1

, D2

>
(Y ) −1 (Y )
Dt
Et , · · ·

Dt

5

(Y )

Et

=

M
X
m=1
M
X

)
γm,t D (Y
m

)
γm,t D (Y
m

−1

−1

m1

(Y )

) ' P (m|X, λ

(Y ) −1 (Y )
, DT
ET

#
> >
, (32)

,
(Y )

E m,t ,

(34)
(35)

)P (Y |X, m, λ

(Z)

).

= argmax P (m|X, λ(Z) ).

(36)

(37)

Then the approximated log-scaled likelihood function is written as
L = log P (m̂|X, λ(Z) )P (Y |X, m̂, λ(Z) ).

(38)

The converted static feature vector sequence ŷ that maximizes
L under the constraint of Eq. (25) is given by
³
´−1
(Y ) −1
(Y ) −1 (Y )
ŷ =
W > D m̂ W
W > D m̂ E m̂ , (39)
where
(Y )

E m̂

(Y ) −1

D m̂

h

(Y )

(Y )

E m̂1 ,1 , E m̂2 ,2 , · · · ,
i
(Y )
(Y )
E m̂t ,t , · · · , E m̂T ,T ,
h
(Y ) −1
(Y ) −1
= diag D m̂1 , D m̂2 , · · · ,
i
(Y ) −1
(Y ) −1
.
D m̂t , · · · , D m̂T

=

m2

XT

mT

Y1

Y2

y1

YT

y2

yT

Fig. 5. Graphical representation of relationship between individual variables
in conversion process. The frame-based conversion process shown on the left
is changed into the trajectory-based one shown on the right by imposing the
constraint of Eq. (25).

(33)

First, the suboptimum mixture component sequence m̂ is
determined by
m̂

m1

X2

Y=Wy

,··· ,

The derivation of Eq. (30) is given in Appendix I. As an initial
parameter sequence, the converted vector sequence determined
under the following approximation with the suboptimum mixture sequence is effective.
Approximation with suboptimum mixture sequence: The
likelihood function in Eq. (19) is approximated with a single
mixture component sequence as follows:
P (Y |X, λ

X1

mT

>

E2

m=1

(Z)

m2

XT

(31)

γm,t = P (m|X t , Y t , λ(Z) ).

(Z)

X2

(40)

(41)

We omit the derivation of Eq. (39) because it is very similar
to that of Eq. (30). The approximated solution effectively
reduces the computational cost. Our preliminary experiment
demonstrated that there were no large differences in the
conversion accuracy between the approximated solution and
the EM algorithm. Therefore, we adopt the approximated
solution.
Figure 5 shows a graphical representation of the relationship between individual variables in the conversion process.

If we determine a time sequence of the converted static and
dynamic feature vectors Y that maximizes the likelihood
function of Eq. (38), the determination process at each frame
is independent of that at the other frames, as shown in the
left diagram in Figure 5. In contrast, the proposed method
yields a time sequence of only the converted static feature
vectors y that maximizes the likelihood function under the
condition of Eq. (25). As shown in Eq. (39), the 2DT -by-2DT
(Y ) −1
covariance matrix D m̂
is converted into a DT -by-DT
(Y ) −1

covariance matrix (W > D m̂

W )−1 , which is generally

(Y ) −1

full because W > D m̂ W is a band matrix. It effectively
models interframe correlations of the target feature vectors.
Consequently, the source feature vectors at all frames affects
the determination of the converted feature vector at each frame,
as shown in the right diagram in Figure 5.2
3) Relationship with conventional mapping method by Eq.
(13): If dynamic features are not considered in the proposed
conversion (i.e., W is set to the identity matrix I DT ×DT and
the GMM of the joint probability density is used on only static
features λ(z) ), the converted vector at frame t is given by
Ã M
!−1 M
X
X
−1
−1 (y)
ŷ t =
γm,t D (y)
E m,t . (42)
γm,t D (y)
m
m
m=1

m=1

The conversion process at each frame is independent of that at
other frames [7]. Because the proposed conversion is based on
(y)
not MMSE but MLE, not only the mean vectors E m,t but also
the covariance matrices D (y)
m of the conditional probability
distributions affect the determination process. Those covariance matrices are used as weights in the weighted sum of
the conditional mean vectors, as shown in Eq. (42). Namely,
they are regarded as a kind of conﬁdence measure for the
conditional mean vectors from individual mixture components.
Furthermore, we assume the conditions that 1) individual
mixture components have the same conditional covariance
matrix D (y) which 2) has sufﬁciently large values to make
the posterior probabilities P (y t |m, xt , λ(z) ) for individual
mixture components equal each other. Namely, the inﬂuence
of the conditional covariance matrices is disregarded. In such
2 Note that the resulting converted feature vector sequence is the same as the
mean vector sequence of a trajectory model [30] derived from the conditional
probability density distributions for both static and dynamic features by
imposing an explicit relationship between those features.
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(z)

= P (m|xt , λ
Then, ŷ t is given by
Ã
ŷ t

=

D

(y) −1

M
X

).

=

)
(43)

!−1
D (y)

γm,t

m=1
M
X

)P (y t |m, xt , λ

−1

M
X

(y)

γm,t E m,t

m=1
(y)

P (m|xt , λ(z) )E m,t .

(44)
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B. Conversion considering GV
The GVs of parameter trajectories reconstructed in the
conventional statistical modeling framework often differ sig3 In

order to consider the dynamic feature also in the conventional mapping method [21], [29], the converted feature vector was calculated as
ŷt = E[yt |Xt ] on the basis of the GMM λ(Z) . Our experimental result
demonstrated the conversion accuracy was almost the same as that when not
considering the dynamic feature.
4 This process can also be regarded as Kalman ﬁltering [31].
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Note that the converted vector is identical to that obtained
by the conventional MMSE-based mapping shown by Eq.
(13). Therefore, the conventional mapping is regarded as an
approximation of the proposed conversion method.
4) Effectiveness: Figure 6 shows an example of the trajectories converted by the conventional mapping3 and the
proposed method on a time sequence of the conditional
probability density functions. Note that each trajectory on the
dynamic feature is derived from that on the static feature.
Inappropriate dynamic characteristics are observed at some
parts on the trajectory converted by the conventional method.
On the other hand, the proposed method yields a converted
trajectory with both appropriate static and appropriate dynamic
characteristics. We can see an interesting example in the ﬁgure:
there are some inconsistencies between a sequence of the
conditional probability densities for the static feature and that
for the dynamic feature at around 0.7 to 0.8 [s]. Conditional
mean values for the static feature rapidly change but those for
the dynamic feature remain at around zero. It is impossible to
generate a converted trajectory with both static and dynamic
features close to their respective conditional mean values. This
situation arises particularly when using a context-independent
conversion model such as a GMM. In such a case, our
proposed method generates the converted trajectory based
on more reliable conditional probability densities, of which
the likelihoods are larger than the others, while keeping the
likelihood reduction of the others to a minimum. In the above
case, dynamic features of the resulting trajectory are close to
conditional mean values but its static features are not very
close to conditional mean values. It is interesting that the
resulting local pattern is similar to the target one shown in
Figure 2. This process is regarded to be a kind of smoothing
of the conventional trajectory based on statistics of both static
and dynamic features.4
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Fig. 6.
Example of trajectories converted by the conventional mapping
method (Eq. (13)) and by our proposed method (Eq. (39)). Intense black
areas show high conditional probability densities.

niﬁcantly from the observed GVs of the target ones. In this
section, we show how to model the variance more accurately
by incorporating it directly into the objective function.
1) Global variance: The GV of the target static feature
vectors over a time sequence is written as
v(y)
v(d)

y(d)

>

[v(1), v(2), · · · , v(d), · · · , v(D)] ,
T
1X
2
=
(yt (d) − y(d)) ,
T t=1

=

=

T
1X
yt (d),
T t=1

(45)
(46)
(47)

where yt (d) is the d-th component of the target static feature
vector at frame t. We calculate the GV utterance by utterance.
Figure 7 shows time sequences of the 3rd mel-cepstral
coefﬁcients extracted from the natural target speech and from
the converted speech. It can be observed that the GV of
the converted mel-cepstra is smaller than that of the target
ones. The proposed trajectory-based conversion with MLE
makes the generated trajectory close to the mean vector
sequence of the conditional probability density functions. The
conventional frame-based conversion with MMSE shown by
Eq. (13) essentially does this as well. The GV reduction is
often observed because each mixture component is trained
with multiple inventories from different contexts. Removed
variance features are regarded to be noise in the statistical
modeling of acoustic probability density.
2) Likelihood function: We deﬁne a new likelihood function consisting of two probability density functions for a
sequence of the target static and dynamic feature vectors and
for the GV of the target static feature vectors as follows:
P (Y |X, λ(Z) , λ(v) ) = P (Y |X, λ(Z) )ω P (v(y)|λ(v) ), (48)
where P (v(y)|λ(v) ) is modeled by a single Gaussian with the
mean vector µ(v) and the covariance matrix Σ(vv) as follows:
P (v(y)|λ(v) ) = N (v(y); µ(v) , Σ(vv) ).

(49)
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is written as

µ
¶
∂Q(Y , Ŷ )
> (Y ) −1
> (Y ) −1 (Y )
= ω −W D
W ŷ + W D
E
∂ ŷ
h
i>
>
>
>
>
+ v 01 , v 02 , · · · , v 0t , · · · , v 0T
,
(53)

0.6
0.4
0.2

>

v 0t = [vt0 (1), vt0 (2), · · · , vt0 (d), · · · , vt0 (D)] ,
¡
¢
>
2
vt0 (d) = − p(d)
(v(ŷ) − µv ) ŷt (d) − ŷ(d) ,
T v

v(3)

3rd mel-cepstral coefficient

0.8

0
-0.2
Converted
Target

-0.4
-0.6

0

0.5

(d)

1.0
Time [s]

1.5

Fig. 7. Natural target and converted mel-cepstrum sequences. Square root of
GV of each sequence is shown by bidirectional arrows. Note that phoneme
duration of the converted speech is different from that of the target.

(54)
(55)
−1

where vector pv is the d-th column vector of P v = Σ(vv) .
The derivations of Eq. (53) to Eq. (55) are given in Appendix
II.
Approximation with suboptimum mixture sequence: The
computational cost is effectively reduced by approximating Eq.
(48) with the suboptimum mixture component sequence. The
approximated log-scaled likelihood function is given by
L=n

(v)

(Z)

The Gaussian distribution λ
and the GMM λ
are independently trained using the training data.5 The constant ω
denotes the weight for controlling the balance between the two
likelihoods. We set ω as the ratio of the number of dimensions
between vectors v(y) and Y , i.e., 1/(2T ).
3) MLE of parameter trajectory: A time sequence of the
converted feature vectors is determined as follows:
ŷ

=

argmax P (Y |X, λ(Z) , λ(v) ).

(50)

Note that the proposed likelihood is a function of y. Namely,
the proposed conversion process is performed under both the
constraint of Eq. (25) and another constraint on the GV of
the generated trajectory. The likelihood P (v(y)|λ(v) ) might
be viewed as a penalty term for the reduction of the GV. We
can determine ŷ in similar ways to those described previously.
EM algorithm: We iteratively maximize the following
auxiliary function with respect to ŷ,
Q(Y , Ŷ )
X
P (m|X, Y , λ(Z) ) log P (Ŷ , m|X, λ(Z) )
=ω
all m
+ log P (v(ŷ)|λ(v) ).
(51)
At each M-step, we iteratively update the converted parameter
trajectory as follows:
ŷ (i+1)-th = ŷ (i)-th + α · ∆ŷ (i)-th ,

(52)

where α is the step-size parameter. When employing the
steepest descent algorithm using the ﬁrst derivative,6 ∆ŷ (i)-th
5 We may also employ the conditional probability density of the GV given
some features, such as the GV of the source feature vectors v(x) or the
GV of the converted vectors v(ŷ) determined by Eq. (39). Our preliminary
experiment demonstrated that there was little performance difference between
the probability density estimated from the target training data and the
conditional probability densities.
6 We may employ the Newton-Raphson method using both the ﬁrst and the
second derivatives [32].

oω
log P (m̂|X, λ(Z) )P (Y |X, m̂, λ(Z) ) P (v(y)|λ(v) ).(56)

We iteratively update the converted parameter trajectory using
the ﬁrst derivative given by
³
´
∂L
(Y ) −1
(Y ) −1 (Y )
= ω −W > D m̂ W y + W > D m̂ E m̂
∂y
i
h
> >
>
>
>
.
(57)
+ v 01 , v 02 , · · · , v 0t , · · · , v 0T
We omit the derivation of Eq. (57) because it is very similar
to that of Eq. (53). Our preliminary experiment demonstrated
that the above approximated solution did not cause any signiﬁcant quality degradation compared with the EM algorithm.
Therefore, we adopt the approximated solution.
There are mainly two settings of the initial trajectory y (0)-th .
One is to use the trajectory ŷ calculated by Eq. (39). The other
is to use the trajectory ŷ 0 linearly converted from ŷ as follows:
s
¢
µv (d) ¡
0
ŷt (d) =
(58)
ŷt (d) − ŷ(d) + ŷ(d).
v(d)
The trajectory ŷ maximizes the GMM likelihood
P (Y |X, m̂, λ(Z) ), while y 0 maximizes the GV likelihood
P (v(y)|λ(v) ). In our preliminary experiment, we found that
ŷ 0 usually has a larger value of the proposed likelihood than
ŷ in the described setting of weight ω.
4) Effectiveness: Figure 8 shows an example of the converted trajectories with/without the GV. By considering the
GV, at a certain dimension, the trajectory movements are
greatly emphasized, but at another dimension, they remain
almost the same. The degree of emphasis varies between
individual dimensions and frames, and it is automatically
determined according to the proposed likelihood. This process
may be regarded as statistical postﬁltering.
Using more mixture components for modeling the probability density also alleviates the oversmoothing effect. However,
it also causes another problem of overtraining due to an
increase in the number of model parameters, which often
causes performance degradations for data samples not included
in the training data. One of the advantages of considering the
GV is that the number of parameters is kept almost equal

Mel-cepstrum
1st
3rd
coefficient coefficient
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performed with DTW, and then, at each frame, F0 and total
power of the converted linear spectrum were substituted with
the aligned target values.
In the third experimental evaluation, we used speech data
of four speakers from the CMU ARCTIC database [37], two
male English speakers (bdl and rms) and two female English
speakers (clb and slt), to evaluate the proposed VC system
for a greater variety of speaker pairs. VC was performed for
12 speaker pairs. In each pair, 50 sentence pairs were used
for training and the other 24 sentences were used for the
test. The proposed spectral conversion considering the GV was
employed. As for the prosodic features, only F0 was converted
as follows:
ŷt =

Example of generated parameter trajectories with/without GV.

to that when not considering the GV. In addition, since the
proposed framework is based on the statistical process, it
retains many advantages of the GMM-based mapping method,
such as allowing model training or adaptation [33], [34] in a
manner supported mathematically. Although it increases the
computation cost because of employing the gradient method,
the process is still sufﬁciently fast, as described in [35].
IV. E XPERIMENTAL E VALUATIONS

σ (y)
(xt − µ(x) ) + µ(y) ,
σ (x)

(59)

where xt and ŷt are a log-scaled F0 of the source speaker and
the converted one at frame t. Parameters µ(x) and σ (x) are the
mean and standard deviation of log-scaled F0 calculated from
the training data of the source speaker and µ(y) and σ (y) are
those of log-scaled F0 of the target speaker.
We used the mel-cepstrum as a spectral feature. The 1st
through 24th mel-cepstral coefﬁcients were extracted from
16 kHz sampling speech data. The STRAIGHT analysis and
synthesis method [38] were employed for spectral extraction
and speech synthesis, respectively.

A. Experimental conditions
We conducted three kinds of experimental evaluations.
First, in order to demonstrate the effectiveness of considering
dynamic features, we compared the proposed trajectory-based
conversion method not considering the GV shown by Eq.
(39) with the conventional frame-based mapping method [21],
[29] shown by Eq. (13). Second, in order to demonstrate the
effectiveness of considering the GV in the proposed conversion
method, we compared the method in which both dynamic
features and the GV are considered with the method in which
only dynamic features are considered, and spectral enhancement by postﬁltering (PF), which is one of the most popular
and effective enhancement techniques, was adopted instead of
considering the GV. Finally, we conducted an evaluation of
the total performance of the proposed VC system.
In the ﬁrst and second experimental evaluations, we performed male-to-female and female-to-male VCs using the
MOCHA database [36] consisting of 460 sentences for each of
one male and one female speaker.7 We selected 50 sentences
at random as an evaluation set. We selected 6 training sets
consisting of 10, 25, 50, 100, 200, and 400 sentences each
from the remaining 410 sentences so that the diphone coverage
of each set for all 460 sentences was maximized.8 In order to
measure only the performance of the spectral conversion, we
synthesized the converted speech using the natural prosodic
features automatically extracted from the target speech as
follows: a time alignment for modifying the duration was
7 We use only the MOCHA speech data that include both speech and
articulatory data.
8 The resulting diphone coverage of each training set was 62.4, 81.7, 91.4,
97.0, 99.4, 99.8, and 99.8%.

B. Effectiveness of considering dynamic features
1) Objective evaluations: The mel-cepstral distortion between the target and converted mel-cepstra in the evaluation
set given by the following equation was used as the objective
evaluation measure,
v
u 24 ³
´2
u X
(y)
(y)
Mel-CD [dB] = 10/ ln 10t2
mcd − m̂cd
, (60)
d=1
(y)

(y)

where mcd and m̂cd are the d-th coefﬁcients of the target
and converted mel-cepstra, respectively.
Figure 9 shows mel-cepstral distortions in the evaluation set
as a function of the number of training sentences. For each
size of the training sets, we optimized the number of mixture
components so that the mel-cepstral distortion was minimized.
Our proposed method (Eq. (39)) signiﬁcantly outperforms
the conventional method (Eq. (13)). This is because the
proposed method realizes an appropriate parameter trajectory
by considering the interframe correlation that is ignored in the
conventional method.
The optimum number of mixture components reasonably
increases as the size of the training set increases because a
larger amount of training data allows the training of a more
complex conversion model. It is observed that the optimum
number of mixture components in the proposed method tends
to be larger than that in the conventional method. This is
because a larger number of mixture components are needed to
model the joint probability density of not only static but also
dynamic features.
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Fig. 9.
Mel-cepstral distortion as a function of the number of training
sentences. The distortion before the conversion is 7.30 [dB]. The numbers
within parentheses indicate the optimum number of mixture components. Note
that the GV is not considered in the proposed method.

2) Subjective evaluations: We conducted preference tests
concerning speech quality and speaker individuality. In the
test of speech quality, samples of speech converted by the
conventional method (Eq. (13)) and by the proposed method
(Eq. (39)) for each test sentence were presented to listeners
in random order. Listeners were asked which sample sounded
more natural. As the test of speaker individuality, an XAB test
was conducted. The analysis-synthesized target speech was
presented as X, and the speech converted by the conventional
method and that converted by the proposed method were
presented to listeners in random order as A and B. Note that
both A and B are speech converted from the source speaker
into the target speaker X. In each XAB set, speech samples
of the same sentence were presented. Listeners were asked to
choose which of A or B sounded more similar to X in terms of
speaker individuality. The number of training sentences was
50. The number of mixtures was set to the optimum value
shown in Figure 9 for each conversion method. We used 25
sentences in the evaluation set. The number of listeners was
10.
Figure 10 shows the results of the preference tests. It is
observed that the proposed method yields converted speech
with signiﬁcantly better speech quality and a more similar
personality to the target speaker compared with the conventional method. These results are consistent with the previous
objective evaluation.
From the above results, it is demonstrated that the proposed
trajectory-based conversion method signiﬁcantly outperforms
the conventional frame-based one [21], [29] in view of both
objective and subjective measures even if the GV is not
considered in the conversion process.
C. Effectiveness of considering GV
1) Objective evaluations: We conducted objective evaluations of the converted trajectories in terms of their GV
characteristics and the GMM and GV likelihoods. We varied
the coefﬁcient β of the postﬁlter for the mel-cepstrum [39]

Conventional (Eq. (13))
Proposed (Eq. (39))
95 % confidence intervals

80
60
40
20
0
Speech quality

Speaker individuality

Fig. 10. Results of preference tests of speech quality and speaker individuality. Note that the GV is not considered in the proposed method.
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Fig. 11. GVs of several mel-cepstrum sequences. These values show GV
means over all converted voices.

from 0.0 to 0.8, in which the converted spectra are increasingly
emphasized as β increases. The number of training sentences
was set to 50. The number of mixture components was set to
128.
Figure 11 shows GVs of several mel-cepstrum sequences:
the converted mel-cepstrum with the PF, that with the GV, and
the natural mel-cepstra of the target speech. It can be seen
that the GV of the converted mel-cepstra is evidently small
when not considering the GV and not employing the postﬁlter
(PF, β = 0.0). Postﬁltering (β > 0.0) actually emphasizes
the mel-cepstral coefﬁcients at a constant rate, except for the
ﬁrst coefﬁcient [39]. Although it makes the GV large, GV
characteristics of the emphasized mel-cepstra are obviously
different from those of the target. On the other hand, the
method in which the GV is considered realizes the converted
mel-cepstra of which the GV is almost equal to the target GV.
Figure 12 shows the logarithmic GMM likelihood
P (Y |X, λ(Z) ) normalized by the number of frames. It is
reasonable that the largest GMM likelihood is obtained when
employing neither the GV nor the postﬁlter (β = 0.0), and it
decreases when applying the postﬁlter or when considering
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Fig. 12. Log-scaled GMM and GV likelihoods on mel-cepstrum sequences
as a function of postﬁlter coefﬁcient β. The GMM likelihoods are normalized
by the number of frames.

the GV. An interesting point is that the GMM likelihood
for the natural target trajectory is smaller than those for the
converted trajectories. This implies that we do not necessarily
estimate the converted trajectory that maximizes only the
GMM likelihood, though it seems reasonable to at least keep
the likelihood larger than that for the natural target trajectory.
Figure 12 also shows the logarithmic GV likelihood
P (v(y)|λ(v) ). The GV likelihoods are very small when not
considering the GV, because of the GV reduction shown in
Figure 11. Although they are recovered by postﬁltering, the
resulting likelihoods are still much smaller than that for the
natural target. On the other hand, the method in which the GV
is considered allows the converted trajectory for which the GV
likelihood is sufﬁciently large.
Consequently, the conversion method with the GV makes
both GMM and GV likelihoods exceed those for the target.
These results demonstrate that the conversion method with the
GV realizes more similar converted trajectories to the target
one in view of satisfying a greater variety of characteristics
than when not considering the GV or employing the postﬁlter.
2) Subjective evaluations: We conducted an opinion test on
speech quality and an XAB test on speaker individuality. In
the opinion test, the opinion score was set to a 5-point scale
(5: excellent, 4: good, 3: fair, 2: poor, 1: bad). The voices
converted by the conversion method with the GV and those
with the PF when varying the coefﬁcient β were evaluated by
each listener. In order to demonstrate speech quality under the
assumption that spectral and prosodic features were converted
perfectly, the analysis-synthesized target speech samples were
also evaluated. More than 10 samples, including both the
analysis-synthesized target speech and each kind of converted
speech, were presented to listeners before starting the test
to make their scores more consistent. In the XAB test, the
analysis-synthesized target speech was presented as X, and the
GV-based and PF-based converted voices from the source into
the target were presented in random order as A and B. Speech
samples of the same sentence were presented as an XAB set.
The postﬁlter coefﬁcient β was varied again. Listeners were
asked to choose which of A or B sounded more similar to

1

Target β=0

β=0.2 β=0.4 β=0.6 β=0.8 with GV
with PF

Fig. 13. Results of opinion test on speech quality. “Target” shows the result
for analysis-synthesized target speech. Note that the method shown as “β = 0”
of “with PF” is identical to that shown as “Proposed (Eq. (39))” in Figure
10.

X in terms of speaker individuality. We used 25 sentences in
the evaluation set. The number of listeners was 10. The other
experimental conditions were the same as described for the
previous objective evaluation.
Figure 13 shows the results of the opinion test. The converted speech quality is obviously improved when the GV is
considered. Although the spectral enhancement by postﬁltering
also results in quality improvements, the improved quality
is inferior to that attained by considering the GV. Because
the proposed algorithm varies the emphasis rate according
to the conditional probability density at each of the frames
and dimensions, a more reasonable enhancement is achieved
compared with postﬁltering. It is interesting that the trend of
MOS in the β change is similar to that of the GV likelihoods.
This result implies that the GV is an important cue to speech
quality.
Figure 14 shows the results of the XAB test. It is observed
that the conversion method in which the GV is considered
generates converted voices that have a much more similar
personality to the target speaker compared with the PF-based
conversion method. As described in the previous evaluations,
the postﬁlter does not realize proper GV values. Thus, the
improvements are caused by realizing the converted trajectory
with the proper GV. It is possible that the GV feature itself
contributes to the speaker individuality.
As a reference, an example of spectrum sequences of the
target and converted voices is shown in Figure 15. We can see
that spectral peaks become much sharper when the GV is considered. Note that increasing the GV usually causes an increase
in mel-cepstral distortion between the converted trajectory and
the target one, e.g., 3.75 dB without the GV and 4.11 dB
with the GV in Figure 15. It is possible that the process of
simply increasing the GV causes the quality degradation of
the converted speech because it does not always make the
converted sequence close to the natural one. The proposed
algorithm increases the GV considering the GV likelihood
while also considering the GMM likelihood to alleviate the

(a)

(b)

(c)

Frequency (kHz) Frequency (kHz) Frequency (kHz)
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Fig. 15. Example of spectrum sequences of (a) natural target speech, (b) speech converted by the proposed method without GV, and (c) speech converted
by the proposed method with GV, for the sentence fragment “farmers grow oats.”
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Fig. 14. Results of XAB test on speaker individuality. Note that the method
shown as “β = 0” of “with PF” is identical to that shown as “Proposed (Eq.
(39))” in Figure 10.

quality degradation due to excessive increase of the GV. This
process successfully results in dramatic improvements in view
of both speech quality and the conversion accuracy for speaker
individuality.
D. Total performance evaluation
We conducted an ABX test. Natural speech of the source
speaker and that of the target speaker were presented to
listeners in random order as A and B. Then, the converted
speech was presented as X. In each ABX set, the same
sentence was used for A and B, and a different one was
used for X to prevent listeners from evaluating only a speciﬁc
prosodic pattern of each utterance. Listeners were asked to
judge whether utterance X sounded closer to utterance A or
B in terms of speaker individuality. In order to show the
performance of perfect spectral and prosodic voice conversion,
the analysis-synthesized speech of the target speaker was also

Fig. 16. Result of ABX test on speaker individuality. “Target” shows the
result for analysis-synthesized target speech. “Converted” shows the result
for converted speech by the proposed trajectory-based conversion method
considering both dynamic features and the GV, which is identical to the
method shown as “with GV” in Figure 13 and Figure 14.

evaluated as X. The number of mixture components was set
to 128. The number of listeners was 10.
Figure 16 shows a result of the ABX test. The proposed
VC system obviously is very effective.9 It is not surprising that
almost all the errors occurred in the within-gender conversion.
It is noteworthy that the performance of the proposed VC
system is comparable to that of the perfect VC system when
it should be inferior to the perfect one because the proposed
VC system does not carefully convert prosodic patterns. The
performance difference between those two might be observed
in another speaker pair whose prosodic characteristics are very
different from each other. It might also be observed in a more
challenging test such as a speaker recognizability test rather
than the ABX text.
9 Some

samples are available in
http://spalab.naist.jp/˜tomoki/IEEE/MLVC/index.html
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V. C ONCLUSIONS
We proposed a spectral conversion method for voice conversion (VC) based on maximum likelihood estimation of
a parameter trajectory. It was shown that the conventional
frame-based mapping method based on the minimum meansquare error [21], [29] is regarded as an approximation of
the proposed conversion method. We emphasized the proposed framework by introducing two main ideas: 1) the
conversion considering the feature correlation between frames
for realizing appropriate spectral local patterns and 2) the
conversion considering the global variance for alleviating the
oversmoothing effect. Experimental results demonstrated that
the proposed ideas can dramatically improve the conversion
performance in view of both speech quality and the conversion
accuracy for speaker individuality.
It is indispensable to continue to make progress in the
conversion method to make VC practically applicable. It is
worthwhile to convert the source features, such as residual
signals [40], [41], [42] as well as spectral features. Prosodic
conversion, such as F0 conversion [43] and duration conversion, is also important to more accurately realize speaker
personality. Moreover, it is desired to realize a more ﬂexible
training framework of the conversion model accepting nonparallel data [33], [41], [44]. It seems effective to apply model
adaptation techniques developed in a speech recognition area
to VC for realizing a novel VC framework [33], [34], [45].

The auxiliary function of Eq. (29) is written as
Q(Y , Ŷ )
X
=
P (m|X, Y , λ(Z) ) log P (Ŷ , m|X, λ(Z) )
all m
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= − Ŷ D (Y ) Ŷ + Ŷ D (Y ) E (Y ) + K
2
−1
−1
1
= − ŷ > W > D (Y ) W ŷ + ŷ > W > D (Y ) E (Y )
2
+K,
−1

(Y ) −1

(Y ) −1

¶−1
µ
−1
> (Y ) −1
W
W > D (Y ) E (Y ) . (63)
=
W D

A PPENDIX II
D ERIVATIONS OF E Q . (53)

TO

E Q . (55)

The auxiliary function of Eq. (51) is written as
Q(Y , Ŷ )
X
=ω
P (m|X, Y , λ(Z) ) log P (Ŷ , m|X, λ(Z) )
all m
+ log P (v(ŷ)|λ(v) )
=

ωL1 + L2 ,

(64)

where
L1

X

=

P (m|X, Y , λ(Z) ) log P (Ŷ , m|X, λ(Z) )

all m
−1
−1
1
= − ŷ > W > D (Y ) W ŷ + ŷ > W > D (Y ) E (Y )
2
+K,
(65)
log P (v(ŷ)|λ(v) )
−1
−1
1
= − v(ŷ)> Σ(vv) v(ŷ) + v(ŷ)> Σ(vv) µ(v)
2
(66)
+K 0 .
=

The constants K and K 0 are independent of ŷ. The derivative
of L1 with respect to ŷ is given by Eq. (62). The derivative
of L2 with respect to ŷ is given by

>
1 >
) −1
) −1 (Y )
γm,t − Ŷ t D (Y
Ŷ t + Ŷ t D (Y
E m,t
m
m
2
t=1 m=1

−1

ŷ

L2

A PPENDIX I
D ERIVATION OF E Q . (30)

t=1 m=1
T X
M
X

to zero, ŷ that maximizes the auxiliary function is determined
as follows:

(61)

(Y )

"

∂L2
∂ ŷ

=

∂L2
∂ ŷ t

=

∂L2
∂ ŷt (d)
∂L2
∂v(d)

"

=

#>
∂L2 > ∂L2 >
∂L2 >
∂L2 >
,
,··· ,
,··· ,
, (67)
∂ ŷ 1 ∂ ŷ 2
∂ ŷ t
∂ ŷ T

∂L2 > ∂L2 >
,
,··· ,
∂ ŷt (1) ∂ ŷt (2)
#>
∂L2 >
∂L2 >
,··· ,
= v 0t ,
∂ ŷt (d)
∂ ŷt (D)

∂L2 ∂v(d)
= vt0 (d),
∂v(d) ∂ ŷt (d)

(68)
(69)

>

= −p(d)
(v(ŷ) − µv ) ,
(70)
v
)
(
T
¢ 1 X
¢
¡
2 ¡
=
ŷt (d) − ŷ(d) −
ŷτ (d) − ŷ(d)
T
T τ =1
¢
2¡
=
ŷt (d) − ŷ(d) ,
(71)
T

where D (Y ) , D (Y ) E (Y ) , D t
, Dt
E t , and
γm,t are given by Eq. (31), Eq. (32), Eq. (33), Eq. (34), and
Eq. (35), respectively. The constant K is independent of ŷ.
By setting the ﬁrst derivative of the auxiliary function with
respect to ŷ given by

∂v(d)
∂ ŷt (d)

∂Q(Y , Ŷ )
(Y ) −1
(Y ) −1 (Y )
= −W > D m̂ W y + W > D m̂ E m̂ , (62)
∂y

where vector pv is the d-th column vector of P v = Σ(vv) .
Consequently, the derivative of the auxiliary function with

(d)

−1
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respect to ŷ is written as
µ
¶
∂Q(Y , Ŷ )
> (Y ) −1
> (Y ) −1 (Y )
W ŷ + W D
E
= ω −W D
∂ ŷ
h
i
>
>
>
> >
+ v 01 , v 02 , · · · , v 0t , · · · , v 0T
,
(72)
>

v 0t = [vt0 (1), vt0 (2), · · · , vt0 (d), · · · , vt0 (D)] ,
¡
¢
>
2
vt0 (d) = − p(d)
(v(ŷ) − µv ) ŷt (d) − ŷ(d) .
v
T

(73)
(74)
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