1Machine Formulation and Understainding ofthe Equations of Physical Laws by SymmetryYoshiteru Ishida *AbstractBased on the view that symmetry plays an essential role in humanreasoning about the laws of physical phenomena, we propose a reasoningparadigm in which symmetry assists in the reasoning about equationsphysical laws. Within this paradigm, symmetries are used as constraintswhich enable us to specify, derive and generalize these equations. Thesymmetry-based reasoning is extracted and formalized from Einstein’swork on relativity. We claim that the reasoning procedure thusformalized provides a general reasoning architecture that is common todimensional analysis in engineering, mathematical proofs, andcommonsense reasoning. This symmetry-based reasoning system hasbeen implemented as a symbol-processing system with a productionsystem and a formula-processing system. Using the symmetry-basedreasoning system, the equation of Black’s law of specific heat isdemonstrated to be specified.˚Key Words - Machine discovery and formulation, qualitative physics,˚scientific discovery, common sense reasoning, symbolic Computation1. IntroductionOne aspect of symmetry that has not yet been fully addressed is itsfunction in human reasoning. Despite the fact environment is full ofsymmetry and that humans depend symmetry for perception, memoryand reasoning, relatively little work on symmetry has been done inartificial intelligence. Leyton’s work on the role of symmetry in reasoningabout shape [Leyton, 88] and Liu and Popplestone’s work on spatialreasoning [Liu and Popplestione, 90] are exceptions to this general trend.The ultimate goal of our research is to introduce a reasoning thatuses symmetry to enhance the intelligence of the system. In this paper,we focus on a specific reasoning based on symmetry found in physics.We formalize the reasoning that we can trace in Einstein’s 1905 paper[Einstein, 05] which emphasizes that the physical law should be expressedin a way invariant under reference frame. Based on this principle, wespecify and derive the equations of physical laws by using symmetry as aguiding constraint.The explicit investigation of symmetry-based reasoning in physicsis relatively modern. Such reasoning is evident in the special and general* Nara Institute of Science and Technology,8916-5 Takayama, Ikoma, Nara 630-01 Japan; ishida@is.aist-nara.ac.jp

2relativity theory, the theory of quantum mechanics, the theory ofelementary particles, and superstring theory. Early attempts to relatesymmetries in physical laws to conservation laws can be seen in the 1918work of Noether or even the older work by Hamel in 1904.Nevertheless, the origin of this investigation may be traced back toNewtonian physics, which implemented symmetries such as spacetranslation, time translation, time reversal and parity.Further, this investigation is not restricted to physics. If we take abroad definition of symmetry, such common sense reasoning as "if ittakes one hour to go from A to B, then it would take also one hour fromB to A," can be recognized as examples of symmetry-based reasoning. Ingeneral, symmetry-based reasoning seems to be a weak method to whichwe resort when powerful knowledge such as the dynamics of aparticular system is not readily available, as occurs with the theory ofelementary particles.Viewed as a reasoning system, the symmetry-based reasoning isdistinct in that it is reasoning about modeling rather than reasoningabout the behavior of given models. Although reasoning about behaviorhas been widely discussed and implemented -- primarily in artificialintelligence -- little has been done on the important topic of modeling.Viewed as a law-discovery system [Simon, 77], our implementationis in the same line as that of Black System [Langley et al., 87] in that it istheory-driven and uses a conservation concept. Although Bacon 5[Langley et al., 81] uses symmetry in part to economize search, theimplementation here relied on symmetry to form the base of thereasoning paradigm.Although we address symmetry-based specification and derivationof the equations of physical laws, we are fully aware not only that thefinal justification of the law should be against experimental data but thatexperimental data are required to bridge the gap between physical lawsand symmetry.Applying within a specific symbol system [Simon, 69] woulddepend on the system’s ability to identify symmetry in the representationadopted. Currently, it is possible for a computer symbol system toidentify symmetry to some extent in symbolically expressed formulae, --something which, up to now has been possible only for a human symbolsystem using paper and pencil. The literature of physics includes several principles [Bridgman, 62,Feynman, 65, Wigner, 67, Rosen, 83, Brandmuller, 86, van Fraassen, 89,Froggatt, 91], which allow us to use symmetry in reasoning. The principlewe used in order to specify and derive the equations of physical laws isSymmetry as Guiding Constraints. At this point, we need to formallystate what we mean by symmetry. The following definition is merely arestatement of that by Weyl [Weyl, 52]: An object O has symmetry undera mapping T that can operate on O if T(O) = O. We use the wordtransformation when the mapping is defined on the symbolic formulae.To illustrate the use of these principles we will consider theproblem of specifying figures by rotational symmetry around a center ofrotation on a plane. Let a symmetry defined by a rotation of 2p/n around

3the center point be denoted by

Cn. As an example of using Symmetry asGuiding Constraints, consider the problem of specifying figures by theconstraint of C

6 rotational symmetry. Obviously, this symmetry cannotcompletely specify the object as a hexagon, although it can eliminate thepossibility of pentagon or octagon.Section 2 discusses the extraction of reasoning with symmetry fromEinsteins’s work on relativity.˚ Derivation of the formula of Pythagoreantheorem and dimensional analysis are discussed as one of the symmetry-based reasoning. Section 3 presents primitives of symmetry-basedreasoning. In section 4, the symmetry-based reasoning is formalized as asymmetry-based specification and derivation, and the example ofspecifying the equations of Black’s law is presented.2. Overview of Symmetry-Based Reasoning2.1. Extraction of Symmetry-Based Reasoning from Einstein’sWorkThis work is motivated by Einstein’s work on relativity: Einstein’sreasoning can be formalized as symmetry-based reasoning that fully usessymmetry as a constraint, and the reasoning can be applied not only tomotion but also to other physical reasoning or even common sensereasoning which is applied to the domain other than physics.Hence, we first discuss Einstein’s work of relativity and formalize thereasoning paradigm as symmetry-based reasoning.Then, as an application to artificial intelligence, the symmetry-basedreasoning can be implemented as deriving the symbolic forms with thesymbolic rewriting system.When one reviews Einstein’s work on special and general relativityfrom the viewpoint of reasoning paradigm, one would realize they havea reasoning style in common: Both special and general theory ofrelativity have two components, i.e. , the principle of relativity and theentity carrying physical meaning. As will be discussed in section 4 in themore general context of symmetry-based reasoning, we identify theformer as symmetries and the latter as object. In order to derive thesymbolic forms either for the mapping defined in symmetries or for theobject, symmetries are used as constraints that the object must satisfy.Specifically, the principle of relativity (as in special theory of relativity)states that the physical law should be invariant when viewed fromdifferent coordinate systems; one moves with a constant velocity relativeto the other. The application of the symmetry (special relativity) to theobject (constancy of the speed of light) leads to the following: The lightspeed must be invariant viewed from different coordinate systems. Thisfact is used to derive the Lorentz transformation, which correspond tothe mapping defining symmetry. Afterwards, the Maxwell-Hertzequations are checked against the Lorentz transformation to see whetheror not the equations are invariant under the transformation. Further, thesame style of symmetry-based reasoning is used to generalize theequations for the composition of velocity and those for the Doppler effect.In this reasoning, symmetry is the same as the above (i.e., special

4relativity), but it applied to the object different from the constancy of thespeed of light.In summary, symmetry-based reasoning, as demonstrated by Einstein’swork on relativity, has two components: symmetry as shown in theprinciple of relativity (in the special theory of relativity) and objectscarrying physical meaning as in the constancy of the speed light (in thespecial theory of relativity). The symmetry-based reasoning is carried outby using the symmetry as constraint to specify, derive, and modify theobject. In the next subsection, we will show an example which usesymmetry-based reasoning and which is outside of the physics domain.This will show the symmetry-based reasoning (as extracted from Einstin’swork) is so general that it can be applied to physics as well as to otherareas such as geometry and modeling in engineering.2.2. Geometric reasoning as a symmetry-based reasoningIt is interesting that the same reasoning as that explored in relativitytheory can be applied to many fields. One of the fields is geometry.Example 2.2. (specifying the formula of Pythagorean theorem)An important symmetry for geometric objects is that the interrelationamong the components of geometric objects is invariant underdilation(expansion of the size). In other words, what defines thegeometric object is not the absolute length of the components but therelation of the lengths among them. For example: for the right triangleshown in Figure 1, the relation between the length of the three edgesmust be invariant under dilation. The relation, thus, should berepresented in a symbolic form which is invariant under dilation. This iscompletely parallel to the reasoning in Einstein’s relativity that thesymbolic form of the physical law should be invariant under the differentframe of reference. In our context of symmetry-based reasoning, thefollowing two components are given.O (Object to be specified): c = f(a,b).T (Transformation of the symmetry): c-> kc, a-> ka, b-> kb where k isany real number and v

b_{2/c).˚ The length c can be obtained by adding the twoedges from the two internal right triangles; c =}

a2/c +

b2/c. Thus,separating c into the left hand side yields: c =

a2 +b2. abc mglFigure 1 Geometric object Figure 2 A simple pendulum where thefor Pythagorean theorem particle with mass m is suspended by a string2.3. Symmetry-based reasoning as a generalization ofdimensional analysis

5One of the important difference between geometry and physics can befound in the scale symmetry. In physics the scale symmetry does not hold(as pointed out, for example, by [Feynman 65]): i.e., if you make aminiature system whose size is, say one tenth of the real system, then youcannot expect everything is same for the miniature as the real one eventhough everything is made same as the original one except size (knownas scale effect). However, the scale symmetry for unit of measure ofindependent dimension must hold for physical system as known fromBuckingham’s � theorem [Buckingham 14] 1.Again, it should be noted that this Buckingham’s � theorem isunderstood as the result of applying same reasoning as Einstein’s theoryof relativity: the representation of physical law (the equation describing aphysical system in this case) must be represented as a form invariantunder change of frame of reference (the system of dimension in this case).In fact,

ϕ (π1,π2,...πn− r ) is such an invariant form since

π1,π2,...πn− r areinvariant under scale change of unit of measure for each independentdimension.The next example illustrates not only that the dimensional analysis canbe done within the framework of symmetry-based reasoning but that thesymmetry of scale change of unit of measure for independent dimensionin dimensional analysis can be treated as constraints in symmetry-basedreasoning, similarly to the other symmetries.Example 2.3. (Dimensional analysis) [Sedov 43]Consider the motion of a simple pendulum where the particle withmass m is suspended by a string as shown in Figure 2.The object to be specified is the equation of the system f(t, l, g, m, ¿)where t: time(T), l: length of string(L), g: gravity constant (L/(T

2)), m:mass of the pendulum(M), and ¿ : angle of the string (dimension isindicated inside the parentis).The given symmetries are:¥(1) scale symmetries due to the basic dimensions T, L, M.,¥(2) phase translatory symmetry in terms of time t, and¥(3) mirror symmetry in terms of the angle ¿.The symmetry (1) specify the form f(t, l, g, m, ¿) to: f(

x^1,x^2,...,x^{n) where} x^1,x^2,...,x^{n are n variablesthat involve r basic dimensions, then the physical system will be described only by n-rindependent dimensionless products}

π^1,π^2,...π^{n− r. The equation describing the physicalsystem is, thus, reduced to be}

ϕ (π1,π2,...πn− r ).

6of relativity, derivation of the form of Pythagorean theorem anddimensional analysis.Table 1 Parallelism of the symmetry-based reasoning among Einstein’stheory of relativity, derivation of the form of Pythagorean theorem anddimensional analysis.Einstein’s theory ofrelativityGeometric reasoningin PythagoreantheoremDimensionalanalysisSymmetriesSymmetry withframe of referenceScale symmetryScale symmetry forunit of measure ofindependentdimensionObject with theContent of theDomainConstancy of thespeed of lightGeometricConfigurationInvolved variablesand their physicaldimensionsOn the one hand, insight of what symmetries are involved in physicalphenomena or mathematical statement is important element. Usingthese symmetries in deriving and specifying the formulae by symbolicprocessing is a core of our symmetry-based reasoning.On the other hand, it should be noted that finding the object withdomain specific content is an important core in scientific discovery.However, this process of finding the object with content is far fromautomating or even from formalizing at this stage.As will be seen in section 4.2., if the given object is specific enough, thesymmetry-based reasoner carry out deductive reasoning. However, if thegiven object is not specific, the reasoner carry out inductive reasoning byproposing candidate forms satisfying the given symmetry and modifyingthe current forms to meet the other given symmetries.3. Primitives of Symmetry-Based Reasoning3.1. Fixed point and symmetry Our method of specifying the equations of physical laws is ageneralization of that in dimensional analysis. Buckingham’s � theoremcan be generalized along the following lines (where the symmetry used isscale symmetry for unit of measure of an independent dimension and theinvariant form is a dimensionless product in the Buckingham theorem):If a equation is to be described with variables:

x1,x2,...,xn and if theequation should have a symmetry that can be attained only by a formF(

x1,x2,...,xn), then the target equation can be reduced to the formf(F(

x1,x2,...,xn) ).If we have a unique form like this that attains symmetry, then ourtask is to modify the form by applying the commutative operators so thatit will satisfy the other symmetries or physical requirements, such asdimensional agreement. However, it is difficult to find such a uniqueform or to guarantee its uniqueness under circumstances lacking atheorem corresponding to the fixed point theorem.Example 3.1.1. If the given symmetry is the translatory symmetry such that theform should be invariant under the translation:

x1,x2,...,xn ->

x1 +c,x2 +c,...,xn +c where

i <-> x

j (v

i <-> v

j denotes a permutation), then there aremany forms satisfying the symmetry. Examples are: F(x

i, x

j) = x

ix

j, F(x

i,x

j) = x

i+ x

j and F(x

C^{3, thissymmetry does not provide any information to the regular triangle.However, both the symmetries}

C4 and

C6 will provide the information,for they require the figure to be a regular 12-gon and a hexagon,respectively.

C6 is stronger symmetry than

C3 because

C3 cannotprovide information for all the objects to which

C6 can provideinformation.

4 is orthogonal to

C^{∞, ωηιχη σπεχιϕιεσ α χιρχλε, ισ τηε στρονγεστποσσιβλε σψμμετρψ.Ιν σεχτιον 4.2., ωε ωιλλ λοοκ ατ Βλαχκ∋σ λαω οϕ σπεχιϕιχ ηεατ ασ ανεξαμπλε οϕ σψμμετρψ ιν α πηψσιχαλ λαω.3.2. Φορμυλα−προχεσσινγ ϕορ σψμμετρψ−βασεδ ρεασονινγΤηε ϕορμυλα−λεϖελ οπερατιονσ ρεθυιρεδ ϕορ τηε σψμμετρψ−βασεδρεασονινγ αρε: σψμμετρψ ιδεντιϕιχατιον, εθυατιον βυιλδινγ βψ σψμμετρψ,ανδ εθυατιον σολϖινγ. Ιν ουρ στυδψ, ωε υσεδ Ματηεματιχα [Ωολϕραμ, 88]ϕορ ϕορμυλα−προχεσσινγ. Τηε ιντρινσιχ προβλεμ ιν σψμμετρψ ιδεντιϕιχατιονχομεσ ϕρομ τηε λαχκ οϕ αν υλτιματε χανονιχαλ ϕορμ οϕ τηε εθυατιονσ, ωηιχημακεσ ιτ διϕϕιχυλτ ϕορ τηε σψστεμ το ιδεντιϕψ τωο ϕορμυλαε ασ εθυιϖαλεντ.Τηυσ, εϖεν ιϕ τηε τωο ϕορμσ αρε νοτ ιδεντιϕιεδ ασ εθυιϖαλεντ βψ τηε σψστεμ,ιτ μαψ βε σιμπλψ βεχαυσε τηε σψστεμ χαννοτ ιδεντιϕψ τηε εθυιϖαλενχε. 2Ωε δο νοτ δεριϖε τηε υνιθυενεσσ ηερε βεχαυσε τηε δεριϖατιον προχεσσ ιτσελϕ ισ ιρρελεϖαντωιτη τηε σψμμετρψ−βασεδ ρεασονινγ; ωε υσε τηε ηευριστιχσ ασσοχιατινγ τηε γιϖεν σψμμετρψωιτη ποσσιβλε ϕορμσ σατισϕψινγ τηε σψμμετρψ, ασ σεεν ιν τηε ϕολλοωινγ σεχτιονσ.} 8Ωε υσεδ α προδυχτιον σψστεμ το ιμπλεμεντ τηε σψμμετρψ−βασεδρεασονινγ. Τηε ρεασονσ ωε αδοπτεδ τηε προδυχτιον σψστεμ αρχηιτεχτυρε αρετωοϕολδ: Φιρστ, ωε ϕορμαλιζεδ σψμμετρψ−βασεδ ρεασονινγ ασ βασεδ ον αηυμαν ρεασονινγ παραδιγμ ρατηερ τηαν α χομπυτατιοναλ αλγοριτημ.Σεχονδ, σψμμετρψ−βασεδ ρεασονινγ ρεθυιρεσ μυχη ηευριστιχ κνοωλεδγεωηιχη ισ νοτ εξπλιχιτλψ ινχλυδεδ ιν τηε ϕορμυλα.Ωε ιμπλεμεντεδ α προδυχτιον σψστεμ ον Ματηεματιχα σο τηατ τηεϕορμυλα−λεϖελ οπερατιονσ μεντιονεδ αβοϖε χουλδ βε δονε ωιτηιν τηεπροδυχτιον σψστεμ. Ωε πρεσεντ τηε σψνταξ ανδ εξαμπλεσ οϕ εαχη οϕ τηεσεχομπονεντσ ιν τηε ϕολλοωινγ συβσεχτιονσ.3.2.1. Τρανσϕορματιον οϕ εθυατιονσΤηε σψνταξ οϕ τρανσϕορμινγ αν εξπρεσσιον ισ:Τρανσ_[εξπ_,{παραμετερ−λιστ}]. Τηερε αρε ϕιϖε τψπεσ οϕτρανσϕορματιονσ χομμονλψ υσεδ: Τρανσλ, Περμ, Διλατ, Χομ, ΑΣΧομ. Τηεσψμμετρψ δεϕινεδ βψ τηε τρανσϕορματιον ωιλλ βε εξπρεσσεδ ασ ϕολλοωσ:Τρανσ_{παραμετερ−λιστ}.∞ Τρανσλ[εξπ_,{ξ1,ξ2,...},χ] ωιλλ τρανσλατε τηε λιστεδ ϖαριαβλεσ ξ1,ξ2,... τοξ1+χ ,ξ2+χ ,... ιν τηε εξπρεσσιον σπεχιϕιεδ ιν εξπ_.∞ Περμ[εξπ_,{ξ1,ξ2,ψ1,ψ2...}] ωιλλ περμυτε ξ1 ωιτη ξ2, ψ1 ωιτη ψ2,ανδ σο ον.∞ Διλατ[εξπ_,{ξ1,ξ2,...},χ] ωιλλ διλατε τηε λιστεδ ϖαριαβλεσ ξ1,ξ2,... ιντοχ⊇ξ1 ,χ ξ2 ,....∞ Χομ[εξπ_,{ξ1,ξ2}] ωιλλ περμυτε ξ1 ωιτη ξ2.∞ ΑΣΧομ[ϕ_[ξ1,ξ2],{ξ1,ξ2}] ωιλλ μακε τηε ϕυνχτιον ϕ_[ξ1,ξ2] ιντο1 − ϕ_[1/ξ1,1/ξ2].Οτηερ τρανσϕορματιονσ ωηιχη αρε σπεχιϕιχ το τηε προβλεμσ ωιλλ βεδεσχριβεδ ατ εαχη εξαμπλε. Ιν τηε εξαμπλεσ οϕ τηε ρεστ οϕ παπερ, τηε ινπυττο τηε σψστεμ ισ ιν βολδϕαχε. Τηε ουτπυτ ϕρομ τηε σψστεμ ισ νοτ.Εξαμπλε 3.2.1Τρανσλ[−(χ1 μ1 τ1) − (χ2 μ2 τ2) + χϕ (μ1 + μ2)τϕ,{τϕ,τ1,τ2},χ]−(χ1 μ1 (χ + τ1)) − χ2 μ2 (χ + τ2) + χϕ (μ1 + μ2) (χ + τϕ)ΑΣΧομ[ϕ[μ2/μ1,χ2/χ1],{μ2/μ1,χ2/χ1}] μ1 χ11 − ϕ[−−, −−] μ2 χ23.2.2. Σψμμετρψ ιδεντιϕιχατιονΤηε σψμμετρψ οϕ τηε εθυατιον χαν βε ματηεματιχαλλψ ιδεντιϕιεδ βψινϖεστιγατινγ τηε εθυιϖαλενχε βετωεεν τηε οριγιναλ εθυατιον ανδ τηεεθυατιον αϕτερ τρανσϕορμεδ ασ δεσχριβεδ αβοϖε. Τηε σψνταξ οϕ τηεσψμμετρψ ιδεντιϕιχατιον ισ:ΣψμΘ[{},εξπ_,Τρανσ_,,{παραμετερ−λιστ}] ωηιχη ωιλλ ιδεντιϕψτηε εξπρεσσιον εξπ_ ισ εθυαλ το τηε εξπρεσσιον αϕτερ τηε τρανσϕορματιον:Τρανσ_[εξπ_,{παραμετερ−λιστ}]. Ιτ ωιλλ ρετυρν Τρυε ιϕ τηε εθυαλιτψ ισιδεντιϕιεδ, οτηερωισε ιτ ρετυρνσ Φαλσε. Ασ ωε ηαϖε μεντιονεδ, ιτ μαψρετυρν Φαλσε εϖεν ιϕ τηε εξπρεσσιον ανδ τηατ αϕτερ χομπλιχατεδ ρεδυχτιοναρε εθυαλ.Εξαμπλε 3.2.2ΣψμΘ[{},−(1 − (1 + (χ2 μ2)/(χ1 μ1))⊥(−1) + τ2/((1 + (χ2μ2)/(χ1 μ1)) τ1)) + τϕ/τ1,Περμ,{μ1,χ1,μ2,χ2}] 9ΤρυεΣψμΘ[{},ϕ[χ1, χ2, μ1, μ2, τϕ, τ1, τ2],Τρανσλ, {τϕ, τ1, τ2}]Φαλσε3.2.3. Προποσινγ ϕορμυλα βψ σψμμετρψΣψμμετριεσ χαν βε υσεδ το προποσε ποσσιβλε ϕορμσ τηατ τηε ταργετοβφεχτ μαψ ηαϖε. Σινχε συχη προποσαλσ αρε μαδε βασεδ ον ηευριστιχσ, τηερεσυλτινγ οβφεχτ μυστ βε εϖαλυατεδ (σεε σεχτιον 4.1. ϕορ τηε προχεσσ) το σεεωηετηερ ιϕ τηεψ σατισϕψ αλλ τηε γιϖεν σψμμετριεσ. Τηε σψνταξ οϕ προποσινγποσσιβλε ϕορμσ ισ: Τρανσ_[προπ,εξπ_,{παραμετερ−λιστ}].Εξαμπλε 3.2.3Τρανσλ[προπ,ϕ[χ1, χ2, μ1, μ2, τϕ, τ1, τ2],{τϕ, τ1, τ2}] τϕ − (τ1 (1 − ϕ[χ1, χ2, μ1, μ2]) + τ2 ϕ[χ1, χ2, μ1, μ2])Διλατ[προπ,τϕ − (τ1 (1 − ϕ[χ1, χ2, μ1, μ2]) + τ2 ϕ[χ1, χ2,μ1, μ2]),{χ1, χ2}] χ2 χ2 τϕ − (τ1 (1 − ϕ[1, −−, μ1, μ2]) + τ2 ϕ[1, −−, μ1, μ2]) χ1 χ13.2.4. Σψμμετρψ δεριϖατιον ϕρομ χονστραιντΣψμμετριεσ ον τηε εθυατιον συχη ασ περμυτατιον σψμμετρψ χανπροϖιδε α χονστραιντ ωηιχη χαν βε υσεδ το δεριϖε ιντερναλ σψμμετριεσ(σψμμετρψ ον τηε παρτ οϕ τηε οριγιναλ εθυατιον), ασ σεεν ιν τηε εξαμπλε οϕσψμμετρψ−βασεδ σπεχιϕιχατιον οϕ τηε εθυατιον οϕ Βλαχκ∋σ λαω. Το χαρρψ ουτ ασψμμετρψ δεριϖατιον,∞Φιρστ, ελιμινατε ιρρελεϖαντ ϖαριαβλεσ ϕρομ τηε χονστραιντ (γιϖεν βψτηε σψμμετρψ).∞Τηεν, υσε παττερν−ματχηινγ το σεαρχη τηε σψμμετρψ ϕορ τηεεξτραχτεδ παρτ οϕ τηε οριγιναλ εθυατιον.∞Αϕτερ τηε ιντερναλ σψμμετριεσ αρε δετεχτεδ, τηεψ αρε ρεχαστ το τηεσψμμετρψ−βασεδ ρεασονινγ σψστεμ βψ χρεατινγ α συβγοαλ οϕ σπεχιϕψινγ τηεπαρτ οϕ τηε οριγιναλ εθυατιον βψ τηε ιντερναλ σψμμετριεσ δετεχτεδ.4. Σψμμετρψ−βασεδ ρεασονινγ4.1. Προχεδυρε οϕ σψμμετρψ−βασεδ ρεασονινγΙν ηισ 1905 παπερ [Εινστειν, 05], Εινστειν υσεδ τηε σψμμετρψ−βασεδρεασονινγ. Ιτ σηουλδ βε νοτεδ τηατ ηε υσεδ τηισ ρεασονινγ το δεριϖεσψμμετρψ οϕ τηε Λορεντζ τρανσϕορματιον [Λορεντζ, 04] ανδ το δεριϖεοβφεχτσ3. Βψ εξτραχτινγ τηε ρεασονινγ ϕρομ Εινστειν∋σ ωορκ ανδ μακινγ ιττο ϕιτ ασ α προχεδυρε, τηε σψμμετρψ−βασεδ ρεασονινγ μαψ βε ϕορμαλιζεδ ασ:∞(στεπ 0) Γιϖεν: τρανσϕορματιον Τ ανδ σομε πιεχε οϕ ινϕορματιονϕορ αν οβφεχτ Ο.∞(στεπ 1) Χηεχκινγ σψμμετρψ: ιϕ τηε οβφεχτ ισ γιϖεν ιν σψμβολιχϕορμ, τηεν χηεχκ ωηετηερ τηε οβφεχτ σατισϕιεσ τηε γιϖεν σψμμετρψ. Ιϕ Ο =Τ(Ο) , στοπ; οτηερωισε γο το (στεπ 3)∞(στεπ 2) Προποσινγ οβφεχτ: Ιϕ οβφεχτ Ο δοεσ σψμμετρψ, τηεν προποσεα χανδιδατε ϕορμυλα οϕ τηε οβφεχτ Ο βψ ηευριστιχσ ον τηε βασισ οϕ τηε γιϖενλιστ οϕ σψμμετριεσ Τ.∞(στεπ 3) Μοδιϕψινγ οβφεχτ:∞(στεπ 3.1) ιϕ Ο = Τ(Ο) χαν δεριϖε νεω τρανσϕορματιον Τ∋ ϕορ τηεπαρτ οϕ οβφεχτ Ο∋ τηεν γο βαχκ το (στεπ 0) ωιτη τηεσε Τ∋ ανδ Ο∋.3Τηε γενεραλιζεδ εθυατιον οϕ Δοππλερ∋σ πρινχιπλε, τηε εθυατιον οϕ πρεσσυρε οϕ λιγητ, ανδ τηεεθυατιον ϕορ α ρελατιϖιστιχ μασσ[Εινστειν, 05]. 10∞(στεπ 3.2) ιϕ Ο = Τ(Ο) ινχλυδε υνκνοων παραμετερσ, σολϖε τηεεθυατιον Ο = Τ(Ο).∞(στεπ 3.3) μοδιϕψ Ο βψ ηευριστιχσ σο τηατ Ο = Τ(Ο) ισ σατισϕιεδ. Ιϕτηερε ισ νοτ ενουγη κνοωλεδγε το δο τηισ, γο βαχκ το (στεπ 2) ϕορ νεωπροποσαλ.Τηε ρυλεσ οϕ τηε σψμμετρψ−βασεδ ρεασονερ χαν βε διϖιδεδ ιντο τηεπροχεδυαλ στεπσ αβοϖε. Τηε ρυλεσ οϕ τηε στεπ 1 σεε ιϕ γιϖεν σψμμετριεσ αρεσατισϕιεδ βψ τηε γιϖεν οβφεχτ υσινγ ΣψμΘ δεσχριβεδ αβοϖε. Ιϕ αλλ τηε γιϖενσψμμετριεσ αρε σατισϕιεδ βψ τηε οβφεχτ, τηεν τηε ρυλεσ οϕ τηισ στεπ σιμπλψτερμινατε τηε τασκ. Α σιμπλε σψμμετρψ χηεχκ χαν βε δονε ωιτηιν τηισστεπ. Ωε χαλλ τηισ μοδε σψμμετρψ ιδεντιϕιχατιον.Ιϕ ανψ οϕ τηε σψμμετριεσ αρε νοτ σατισϕιεδ βψ τηε οβφεχτ ανδ ιϕ τηερε ισανψ κνοωλεδγε αϖαιλαβλε το προποσε μοδιϕιχατιονσ το τηε οβφεχτ σο τηατ τηευνσατισϕιεδ σψμμετρψ μαψ βε σατισϕιεδ αϕτερ τηε μοδιϕιχατιον, τηεν τηερυλεσ οϕ τηε στεπ 2 ωιλλ μακε τηοσε μοδιϕιχατιονσ. Αμονγ σεϖεραλσψμμετριεσ ωηιχη χαν προποσε μοδιϕιχατιονσ, περμυτατιον σψμμετριεσωορκ ιν α υνιθυε μαννερ. Περμυτατιον σψμμετριεσ δο νοτ προποσε τηεμοδιϕιχατιον, βυτ ρατηερ δεριϖε χονστραιντσ ατ τηε στεπ 3.1 ανδ τηεν δεριϖετηε ιντερναλ σψμμετριεσ ϕουνδ ιν τηισ στεπ. Νεξτ, τηε περμυτατιονσψμμετριεσ χρεατε α συβγοαλ οϕ σπεχιϕψινγ τηε παρτ οϕ τηε οβφεχτ υσινγ τηενεω σψμμετριεσ ϕουνδ ατ τηισ στεπ. Αϕτερ τηεσε μοδιϕιχατιονσ ανδ αϕτερωορκινγ μεμορψ ελεμεντσ ηαϖε βεεν πρεπροχεσσεδ, τηε οβφεχτ ισ ρεχαστ τοτηε σψμμετρψ χηεχκ προχεσσ ρετυρνινγ τηε χοντρολ το τηε στεπ 1. Ωε χαλλτηισ μοδε σψμμετρψ−βασεδ σπεχιϕιχατιον.Ιϕ τηε μοδιϕιχατιον ισ φυστ α σπεχιϕιχατιον οϕ υνκνοων παραμετερσ ιντηε οβφεχτ, τηεν τηε ρυλεσ οϕ τηε στεπ 3.2 αρε εϖοκεδ αϕτερ τηε στεπ 1. Ιντηισ στεπ, τηε γιϖεν σψμμετριεσ αρε υσεδ ασ βυιλδινγ τηε εθυατιον ωηοσεσολυτιον ωιλλ σπεχιϕψ τηε υνκνοων παραμετερ. Τηε μοδιϕιχατιον ον τηεοβφεχτ ισ μαδε βψ συβστιτυτινγ τηε σολυτιον το τηε υνκνοων παραμετερ αττηε νεξτ στεπ 3.3. Αϕτερ τηισ μοδιϕιχατιον, τηε σαμε προχεσσ ασ τηατ οϕσψμμετρψ−βασεδ σπεχιϕιχατιον ϕολλοωσ. Ωε χαλλ τηισ μοδε σψμμετρψ−βασεδδεριϖατιον. Ιν τηε ϕολλοωινγ, ωε πρεσεντ σαμπλε σεσσιονσ ϕορ τηεσε τηρεεμοδεσ.4.2. Εξαμπλεσ οϕ σψμμετρψ−βασεδ ρεασονινγ⊇Ιν τηισ σεχτιον, ωε ωιλλ γιϖε ονλψ εξαμπλε οϕ σψμμετρψ−βασεδσπεχιϕιχατιον, σινχε σψμμετρψ−βασεδ δεριϖατιον ανδ σψμμετρψιδεντιϕιχατιον υσε ονλψ α παρτ οϕ στεπσ οϕ σψμμετρψ−βασεδ σπεχιϕιχατιον.Τηε εξαμπλεσ οϕ σψμμετρψ ιδεντιϕιχατιον μοδε τεστεδ ιν ουρ ρεασονερινχλυδε τηατ τηε ανγυλαρ μομεντυμ ισ ινϖαριαντ υνδερ σπατιαλ ροτατιον,τηατ τηε θυαδρατιχ ϕορμ οϕ −(χ

2t 2) + x 2 + y 2 + z 2 is invariant under theLorentz transformation, and that the Maxwell equation is invariantunder the Lorentz transformation. The examples of symmetryderivation of parameters include that the specific heat from thesymmetries used in the next example 4.2.1 when given object has onlyspecific heat left as unspecified parameter, the parameters in Lorentz

11transformation, the angle between spin and velocity for mass-lessparticle is zero4, which is more complex than those shown here.Example 4.2.1 (Specification of the equation of Black’s Law)Black’s law of specific heat can be stated as follows: If two entities,whose initial state described by temperature t

1 and t

2, specific heat c

f = (c

1m

1t

1 + c

2m

2t

2 )/(c

1m

1 + c

2m

2 ).In the following example, the equation of Black’s law: t

f = (c

1m

1t

1 +c

2m

2t

2 )/(c

1m

1 + c

2m

2 ) will be specified starting from scale symmetry(dimensional analysis), translatory symmetry of temperature,permutation symmetry of interacting entities, and permutation symmetryof specific heat and mass. This example specifies the equations of Black’sLaw when sufficient symmetries are given. Both the input and the outputhave been translated to higher-level expression for readability. Also, someinessential parts are omitted. The step numbers in parentheses refer to theprocedural step described in the previous subsection. The number beforeparentheses indicates the depth as well as the cycle of the procedure. ==,!= and && denote equality, inequality and logical and, respectively.O: f[c1,c2,m1,m2,tf,t1,t2]T: Perm{m1,m2,c1,c2,t1,t2},Perm{m1,c1,m2,c2}, Dilat{m1,m2},Dilat{c1,c2}, Dilat{t1,t2,tf}, Transl{tf, t1, t2}1(step 1.1) The system identifies that the symmetryTransl{tf, t1, t2} is not satisfied by the object.....symmetry checking given in the list T, similar to the above. ....1(step 2) By the symmmetry Transl{tf, t1, t2}, the system proposedthe modification from the object: f[c1, c2, m1, m2, tf, t1, t2]to: tf - (t1 (1 - f[c1, c2, m1, m2]) + t2 f[c1, c2, m1, m2])1(step 2) By the symmmetry Dilat{c1, c2}, the system proposed themodification from the object:tf - (t1 (1 - f[c1, c2, m1, m2]) + t2 f[c1, c2, m1, m2])to: c2 c2tf - (t1 (1 - f[1, --, m1, m2]) + t2 f[1, --, m1, m2]) c1 c1...modification of the objects by Dilat symmetries, similar to the above ...1(step 2) By the symmmetry Dilat{m1, m2}, the system proposed themodification from the object: c2 t2 f[1, --, m1, m2] tf c2 c1 -- - (1 - f[1, --, m1, m2] + -------------------) t1 c1 t1to: c2 m2 t2 f[1, --, 1, --]tf c2 m2 c1 m1-- - (1 - f[1, --, 1, --] + ------------------)t1 c1 m1 t11(step 3.1.1) By the symmmetry Perm{m1, c1, m2, c2}, the systemderived the constraint: c2 m2 m2 c2 c2 m2 f[1, --, 1, --] != 0 && f[1, --, 1, --] == f[1, --, 1, --] c1 m1 m1 c1 c1 m14"The intrinsic angular momentum of a particle with zero rest-mass is parallel to itsdirection of motion, that is parallel to its velocity [Wigner 67]."

121(step 3.1.1) By the symmmetry Perm{m1, m2, c1, c2, t1, t2}, thesystem derived the constraint: c2 m2 c1 m1 c2 m2f[1, --, 1, --]!=0 && f[1, --, 1, --]== 1 - f[1, --, 1, --] c1 m1 c2 m2 c1 m11(step 3.1.2) By the constraint: c2 m2 m2 c2 c2 m2 f[1, --, 1, --] != 0 && f[1, --, 1, --] == f[1, --, 1, --] c1 m1 m1 c1 c1 m1the system derives the symmetry: m2 c2Com{--, --} m1 c1for the object: c2 m2 f[1, --, 1, --] c1 m11(step 3.1.2) By the constraint: c2 m2 c1 m1 c2 m2f[1, --, 1, --]!=0 && f[1, --, 1, --]== 1 - f[1, --, 1, --] c1 m1 c2 m2 c1 m1the system derives the symmetry: m2 c2ASCom{--, --} m1 c1for the object: c2 m2 f[1, --, 1, --] c1 m11(step 3.1.3) The system creates subgoal of checking thederived symmetries: m2 c2 m2 c2Com{--, --} and ASCom{--, --} m1 c1 m1 c1for the internal object: c2 m2 f[1, --, 1, --] c1 m11.1(step 1.1) The system identifies that the symmetry m2 c2 m2 c2ASCom{--, --} and Com{--, --}is not satisfied by the internal object. m1 c1 m1 c11.1(step 2) By the symmmetry m2 c2Com{--, --}, m1 c1the system proposed the modification from the object: c2 m2 f[1, --, 1, --] c1 m1to: m2 c2f[1, 1, com[--, --]] m1 c11.1(step 2) By the symmmetry m2 c2ASCom{--, --}, m1 c1the system proposed the modification from the object: m2 c2f[1, 1, com[--, --]] m1 c1

13to: 1--------- c2 m21 + ----- c1 m11.2(step 1.1) The system identifies that the symmetry m2 c2 m2 c2Com{--, --} and ASCom{--, --} m1 c1 m1 c1is satisfied by the internal object.1.2(step 1.2) The system terminated the subgoal because there is nosymmetry that is not satisfied by the internal object.2(step 1.1) The system identifies that all given symmetries aresatisfied by the object with new internal object.2(step 1.2) The system terminated because there areno other symmetries that are not satisfied by the object with newinternal object.Specification by symmetry can apply not only to physics but tomathematics as well. As we have seen in section 3.2., the Pythagoreantheorem, for example, can be specified by the geometrical symmetries of aright triangle. The application of this specification method is not limitedto the equations of physical laws. It can also apply to the equation of aparticular system if the system exhibits symmetry. As we have seen insection 3.3., it can apply to derive the equation of a pendulum thatexhibits some obvious symmetry specific to the system structure.In this section, we have discussed the specification and derivationof an object (formula). However, the symmetry-based reasoning can beapplied to specify or derive the symmetry (transformations) as well.Einstein specified or derived the Lorentz transformation from the factthat it leaves an object (the speed of light) unchanged. He also noted thatthe transformation leaves unchanged the other object such as Maxwell-Herz equation [Einstein, 05]. Our symmetry-based reasoning also cancheck whether some other objects may have the symmetry.5. ConclusionsIn this study, we demonstrated how the Symmetry as GuidingConstraints principle can be used to automate reasoning in order tospecify, derive, and generalize equations in physical laws. Nevertheless,symmetry itself still needs to be found.There is not always one-directional mapping from symmetries(constraints) to objects (equations). Rather, in reality, the elaborationprocess may go back and forth with symmetries and objects constrainingeach other. The symbolic equation serves as a powerful representation ofknowledge that can be: checked if it has a certain symmetry, solved ifvariables and constants are specified, transformed into canonical form,and so forth. In order for these operations to give physical implications,the syntax as well as semantics of the equation must be included in theknowledge of the system. In this paper , we implemented the syntax onthe formula-rewriting system Mathematica and the semantics on boththe long-term and short-term memory of a production system.Symmetry-based reasoning on the other representations such asdiagrammatic representation should be further explored in the future.

14ReferencesBrandmuller, J. 1986. An Extension of the Neumann-Minnigerode-CuriePrinciple, Comp & Math. with Appls. 12B, pages 97-100.Bridgman, P.W. 1962. A Sophisticate’s Primer of Relativity , WesleyanUniversity Press.Buchingham, E. 1914. On Physically Similar Systems: Illustration of theUse of Dimensional Equations. Physical Review IV, 4, pages 345-376. Einstein, A. 1905. On the Electrodynamics of Moving Bodies, in ThePrinciple of Relativity , Dover Publications, INC. Feynman, R.P. 1965.The Character of Physical Law,, .Feynman, R.P., and Weingberg, S. 1987. Elementary Particles and TheLaws of Physics , Cambridge Univ. Press. Froggatt, C.D., and Nielsen, H.B. 1991.Origin of Symmetries, WorldScientific. Langley, P.; Bradshaw, G.L.; and Simon, H.A. 1981. Bacon 5:The Discoveryof Conservation Law, Proc. of IJCAI 81, (1981) pages 121-126. Langley, P. et al. 1987.Scientific Discovery , The MIT Press.Leyton, M. 1988. A Process-Grammar for Shape, Artificial Intelligence, 34pages 213-247.Leyton, M. 1992.Symmetry, Causality, Mind , The MIT Press.Liu, Y., and Popplestione R.J. 1990. Symmetry Constraint Inference inAssembly Planning, Proceeding of AAAI 90, pages 1038-1044.Lorentz, H.A. 1904. Electromagnetic Phenomena in A System Movingwith Any Velocity Less Than That of Light, in The Principle ofRelativity , Dover Publications, INC.Rosen, J. 1983. A Symmetry Primer for Scientists , John Wiley & Sons.Simon, H.A. 1969.The Sciences of the Artificial, The MIT Press.Simon, H.A. 1977.Models of Discovery , Reidel, Dordrecht.van Fraassen, B.C. 1989. Laws and Symmetry, Clarendon Press.Weyl, H. 1952. Symmetry , Princeton Univ. Press.Wigner, P. 1967.Symmetries and Reflections, Indiana University Press.Wolfram, S. 1988. Mathematica: A System for Doing Mathematics byComputer, Wolfram Research Inc.