Structural Analysis on In terv al Matrices b y Signed

Digraph: Structural P erturbation Principle

Y oshiteru Ishida

�

Key W ords - Qualitative system theory; interv al matrix; sign structure; qualitative rea-

soning; graph; matrix regularity; matrix rank; inverse stability; interv al systems

Abstract

This note deals with linear interv al systems whose parameters in system matrix are ex-

pressed by interv als. W e formalize the system reasoning ab out structures of interv al systems

by the structural p erturbation principle: the interv al system would hav e the interv al prop-

erty when its underlying sign structure include the comp onent that has the corresp onding

sign prop erty and the norm of the rest of comp onent (considered structural p erturbation)

is small enough. Several interv al prop erties of interv al matrix such as nonsingularity

, rank

and inverse stability will b e discussed by applying the principle to the graphical condi-

tions for the corresp onding sign prop erties. The Klein mo del in economics is used as an

illustrative example.

1 In tro duction

Analysis and synthesis on systems with parameter uncertaint y has b een studied in system

theory [1, 2, 3, 4, 5, 6, 7]. The level of uncertainty may b e divided into four; numerical

(most sp eci�c) sp eci�cation, interv al sp eci�cation , sign sp eci�cation, and zero/nonzero

sp eci�cation of parameters as shown in Figure 1. W e call numerical, interv al, sign and

structured systems resp ectively

, corresp onding to these level of parameter sp eci�cation.

The motiv ations for the study of systems with uncertain parameters are as follows: (1)

mo deling errors are inevitable in mo deling real systems which are often complex and large-

scale, and (2) early phase of system design must allow undetermined v alues in parameters.

These results hav e several implications in Qualitative R e asoning ab out systems with

qualitatively expressed interactions and states. In this note, we present a principle which

can b e used to reason ab out interv al systems based on its sign structure. W e brie y

present some theoretical results to demonstrate how the principle can b e applied to the

static prop erties of the system matrix. This research aims to apply the results for one level

to the other level in Figure 1. Particularly

, this note fo cuses on the results for sign matrices

that can b e used to deduce the corresp onding results for interv al matrices by the structural

p erturbation principle (stated in the next section).

�

Graduate Scho ol of Information Science, Nara Institute of Science and T ec hnology

, 8916-5 T ak a yama,

Ikoma, Nara, 630-01 Japan; email: ishida@is.aist-nara.ac.jp

Figure 1: Levels of Systems based on Parameter Sp eci�cation

Section 2 presents structural p erturbation principle and some preliminary concepts re-

quired in the subsequent sections. Section 3 extends several prop erties such as nonsingu-

larity

, rank, and inv erse stability to sign and interv al matrices. Several results asso ciating

sign prop erties with corresp onding interv al prop erties are also presented. Section 4 demon-

strates how the structural p erturbation principle together with the results stated in section

3 can b e applied to a sp eci�c system, taking the Klein mo del as an illustrative example.

Section 5 discusses character and implication of this approach.

2 Preliminaries

Sign matrix A

S

is a matrix whose elements are +; �; 0. Interv al matrix A

I

is a matrix

whose elements are sp eci�ed by interv al [a; b] where a and b are tw o terminal v alues; a � b.

An interv al matrix can b e considered as a set of matrices whose elements are in the interv als

sp eci�ed by the interv al matrix. F or simplicity

, we fo cus on interv al matrices whose interv als

can b e identi�ed as +; 0; or �. That is, we do not consider such interv al as [�2; 5]. F urther,

when the matrix is reducible

1

, it can b e reduced to irreducible comp onents to each of which

the analysis stated in this note can b e applied indep endently

. Thus, the matrix is assumed

to b e irreducible in the rest of this note.

De�nition 2.1 (Signed Digraph for Matrices) Signe d dir e cte d gr aph (c al le d signe d di-

gr aph) of a matrix A 2 R n�n

is a gr aph with n no des and ar cs dir e cte d fr om no de i to no de

j with sign +(-) when a

ij

> 0(< 0).

Example 2.1

The signed digraph of the following interv al matrix is shown in Figure 2.

0

B

@

[�2; �1] [�2; �1] [0; 0]

[�2; �1] [�4; �3] [�5; �4]

[�3; �1] [2; 4] [�2; �1]

1

C

A

De�nition 2.2 (Sign Nonsingularity and Interv al Nonsingularity) Sign matrix is

c al le d sign nonsingular if al l the matric es having the sign structur e is nonsingular. That is

1

Matrix A is called reducible if it can b e decomp osed into diagonal blo cks by p ermutation matrix P:

P AP

T

=

�

A

11

A

12

0 A

22

�

:

3

Figure 2: The Signed Digraph of the Interv al Matrix

sign p ositive de�nite or sign ne gative de�nite

2

. Interval matrix is c al le d interval nonsingular

if al l the matric es whose elements ar e lying within the intervals ar e nonsingular.

In the following, we present a principle that is used to reason ab out interv al systems based

on their sign structures. First, Structur al Inclusion Principle may b e stated as follows:

F or a system to hav e an interv al prop erty

, the system must contain a subsystem

that has the corresp onding sign prop erty .

This principle can apply to such prop erties as stability

, observ abilit y , nonsingularity ,

inv erse stability (that will b e de�ned in the next section ), solv ability

,etc. of system matrix.

F or example, application of the ab ove structural inclusion principle to a system matrix for a

prop erty of nonsingularity results in the next statement; for an interv al matrix to b e interv al

nonsingular, its signed digraph must contain the arc-subgraph

3

that is sign nonsingular.

Due to the ab ov e structural inclusion principle, sign structures that generically

4

have the

prop erty may b e decomp osed into tw o subsystems: subsystem (arc-subgraph of the sign

structure) that satis�es a sign prop erty and a set of interactions (arcs) whose remov al result

in the system having the sign prop erty

. The set of interactions b eing removed is considered

a structural p erturbation imp osed on the sign structure having the sign prop erty

. With

this decomp osition, Structur al Perturb ation Principle may b e stated as:

If a sign structure generically have the prop erty but the interv al system having

the sign structure fails to hav e the corresp onding interv al prop erty due to the

2

Sign matrix A

S

is sign p ositive (semi-)de�nite when all matrices A 2 A

S

are p ositive (semi-)de�nite.

Interv al p ositive (semi-)de�nite can b e de�ned in the same manner for interv al matrices.

3

Arc-subgraph is the graph obtained by deleting some arcs. Similarly

, no de-subgraph is the graph

obtained by deleting some no des and all the arcs asso ciated with the no des.

4

An interv al (sign, or structured) system is said to have a prop erty generically when at least one instance

of the interv al (sign, or structured) system has the prop erty .

4 structural p erturbation, then the interv al system would hav e the interv al prop-

erty if the structural p erturbation is made small enough relative to the rest of

system.

Again, applied to nonsingularity of matrix, the next statement follows: if the sign struc-

ture of an interv al matrix is generically nonsingular, then the interv al matrix can b e made

interv al nonsingular by making the structural p erturbation (the set of arcs whose remov al

leav es sign nonsingular graph) small.

The ab ov e principle apply to only well-p osed prop erty

5

. The principle applied to linear

systems (i.e. matrix) can b e stated as: a sign prop erty of a sign matrix A

S

may b e

formulated as f (A

S

) > �: Sign matrix A

S

can b e decomp osed into structural p erturbation

�(A

S

) and the rest of system

~

A

S

; A

S

= �(A

S

) +

~

A

S

where f (

~

A

S

) > � holds while

f (A

S

) > � do es not hold due to the structural p erturbation �(A

S

). Then the corresp onding

interv al prop erty f (A

I

) > � holds when the norm of �(A

I

) is small enough to satisfy

min

A2A

I f (A

I

) > �: F or nonsingularity of square sign matrices A

S

, f (A

S

) > � must b e

replaced with jdetA

S

j > 0:

This principle can b e used not only in the analysis on whether the given interv al system

satisfy an interv al prop erty but also in the synthesis of parameters to satisfy the interv al

prop erty based on its sign structure as will b e discussed in section 5. Although we explained

the principle applying from sign systems to interv al systems, similar principle can b e used

from structured systems to sign systems and from interv al systems to numerical systems

(see Figure 1). W e will b e more sp eci�c how the principle can b e used in the following

sections by applying it to such prop erties as nonsingularity and inverse stability .

In the next section, we will present more informative measure than nonsingularity for

sign and interv al matrices. F or singular matrices, rank would give information of how

singular the matrix is. F or nonsingular matrices, information of how many submatrices of

order n � 1 are nonsingular (and recursively for submatrices with the order n � 2; � � � ; 1 )

would indicate how nonsingular the matrix is. The former singularity measure can b e used

to reason which arcs or no des should b e remov ed (in case of sign matrix) or made small

(in case of interv al matrix) to attain nonsingularity

. The latter nonsingularity measure can

b e used to assess the prop erties stronger than nonsingularity such as inv erse stability and

solv ability .

5

That is, if the prop erty holds with the parameter set P then it must hold in the su�ciently small

neighb orho o d of the p oint P

. Nonsingularity of a matrix is well-posed prop erty

, while singularity is not.

5

3 Prop erties of Static Systems: Rank, Nonsingural-

it y , and In v erse Stabilit y

In this section, we will explore sign prop erties and the corresp onding interv al prop erties.

Conditions for these sign prop erties will b e extended to those for corresp onding interv al

prop erties by the structural p erturbation principle. Sign matrices after put into the stan-

dard form with all the diagonal elements negative

6

is sign nonsingular if the corresp onding

signed digraph do es not have any p ositive cycle

7

[1]. Thus, making all the p ositive cycles

small

8

would make the interv al matrix interv al nonsingular by the structural p erturbation

principle.

Although it is necessary to cut all the p ositive cycles by deleting at least one arc from each

p ositive arc to mo dify sign matrix which is not sign nonsingular but generically nonsingular

(i.e. the signed digraph has arc-subgraph that is sign nonsingular) into sign nonsingular

one, only some set of disjoint cycles stated in the following prop osition 3.1 must b e handled

to control the interv al nonsingularity .

Prop osition 3.1 (Control of Interv al Nonsingularity) Interval matrix that is gener-

ic al ly nonsingular c an b e made interval nonsingular by making the elements c orr esp onding

to the fol lowing ar cs big enough; the ar cs whose r emoval wil l cut al l the cycles in the set of

cycles fC

i1

; � � � ; C

ip g such that

1. these cycles ar e disjoint with e ach other,

2. the total sum of the length is n, and

3. the sign (�1) p

sg n(C

i1

� � � � � C

ip

) is p ositive.

One trivial set of cycles satisfying the conditions ab ove is the set of all the negative lo ops

(diagonal elements). Thus, making absolute v alue of all the diagonal elements big results

in interv al nonsingular matrices. This result also comes from nonsingularity condition of

diagonal dominance.

Nonsingularity indicates whether or not information is preserved in the mapping by the

matrix from a domain space to an image space. Howev er, nonsingularity do es not provide

any further information ab out singular matrices. Rank of matrices is more informative

6

F or sign nonsingularity

, the sign matrix must b e put into the form with a

ii

< 0 [1] by p ermissible

qualitative op erations[8]: exchange of i th

row (column) with j th

row (column) and multiplication of -1 to

i th

row (column) with j th

row (column). This p ermissible qualitative op erations are prov ed to preserve

nonsingularity of matrix.

7

Sign of a cycle is de�ned to b e sign of the pro duct of all the elements in the cycle.

8

Cycle is said to b e small(big) when the absolute v alue of the pro duct of all the elements in the cycle

is small but not zero(big). More sp eci�cally for interv al matrices, when b � cy cl e � pr oduct � a, the cycle

is said to b e small(big) when jaj; jbj 6= 0 are small(big).

6 prop erty than nonsingularity

, since it can provide information ab out a kind of distance

from nonsingularity .

De�nition 3.1 (Sign Rank and In terv al Rank) Sign (interval) r ank of a sign (inter-

val) matrix is the or der of its maximal submatrix that is sign(interval) nonsingular.

Obviously

, the interv al rank of an interv al matrix is greater than or equal to sign rank

of the sing structure of the interv al matrix. Sign rank can b e obtained by signed digraph

of the sign matrix as will b e stated after prop osition 3.2.

Although rank is more informative than nonsingularity

, it cannot tell any further in-

formation for nonsingular (i.e. full rank) matrices. As it will b e made clear through this

section, information of nonsingularity of original matrix as well as submatrices of order n � 1

is needed to characterize the concepts such as inv erse stability discussed in this section.

Prop osition 3.2 (Sign Nonsingularity of Submatrix) L et N b e a set of inte gers

f1; 2; � � � ; ng and I, J b e a subset of N. If, for al l the p ositive cycles and p aths of opp osite

sign, ther e is at le ast one ar c fr om the no de i 2 I or to the no de j 2 J that would cut

the p ositive cycle or the p aths of opp osite sign, then the submatrix A �

I

�

J is sign nonsingular

wher e

�

I and

�

J ar e c omplement set of I and J. Her e, A �

I

�

J denotes the submatrix obtaine d

by deleting al l the i th

r ow in i 2 I and al l the j th

c olumn in i 2 J fr om A.

The order of the maximal submatrix obtained by this prop osition is sign rank.

In order to analyze the relation b etw een a matrix and its submatrices, the relation

b etw een the graph corresp onding to the original matrix and the subgraph corresp onding

to the submatrices may b e used. A prop erty of graph is said to b e hereditary [10] if the

prop erty holds for its subgraph. F or example, the prop erty of having no cycle is hereditary .

Graphical condition characterizing sign nonsingular matrix, that is having no p ositive cycle,

is also hereditary (in the sense of no de-subgraph). Thus, sign nonsingularity (for irreducible

matrices) is hereditary as in the next theorem.

Theorem 3.3 (Sign Nonsingularity of Matrix and Submatrix) If a sign matrix of

or der n is sign nonsingular then the submatrix A

ij of or der n � 1 ar e sign nonsingular for

i; j such that a

ij

6= 0.

Pro of Nonsingularity of submatrix A

ij implies that (1) there is at least one non-zero path

from no de j to no de i; a

ii

1 a

i

1 i

2

� � � a

i

l j

6= 0 and (2) these non-zero paths must b e of the same

sign. The condition (1) is guaranteed by irreducibility of the original sign matrix of order

n and (2) is guaranteed by sign nonsingularity of the original matrix.

The ab ove theorem 3.3 holds for only irreducible sign nonsingular matrices. If a reducible

sign matrix of order n is sign nonsingular then its submatrix A

ij corresp onding to a

ij

6= 0

of order n � 1 are either sign nonsingular (i.e. sign rank is n � 1) or structurally singular

7

(i.e. term rank

9

< n � 1). Although the num b er of sign nonsingular submatrices of order

n � 1 is at least the number of nonzero elements a

ij

6= 0 for sign nonsingular irreducible

matrix of order n as known from the ab ov e theorem 3.3, that for sign nonsingular reducible

matrix is at least n. This fact for reducible sign nonsingular matrix can b e known from

the cofactor expansion of A:

detA = n

X

i=1

(�1) i+j

a

ij

A

ij

:

An example that has exactly n sign nonsingular submatrices of order n � 1 would b e the

sign matrix with all the diagonal elements negative and others zero.

This recursiveness of nonsingularity stated in theorem 3.3 do es not hold for interv al ma-

trix with interv al nonsingularity

. That is, even if an interv al matrix is interv al nonsingular

its submatrices may not b e interv al nonsingular as demonstrated in the next section. The

following condition for interv al nonsingularity also follows from the determinant expansion.

Prop osition 3.4 (Interv al Nonsingularit y Condition by Submatrix) If ther e exists

i th

r ow (or j th

c olumn) in the interval matrix such that a

ij

6= 0 always implies that A

ij is in-

terval nonsingular and that (�1) i+j

a

ij

A

ij ar e of the same sign for j =1,� � � ; n(or i= 1,� � � ; n),

then the original interval matrix is interval nonsingular.

The following concept of inverse stability is related to sign(interv al) nonsingularity of

submatrices with order n � 1.

De�nition 3.2 (Inv erse Stabilit y) A sign matrix A

S

(interval matrix A

I

) is c al le d sign

(interval) inverse stable when A

S

(A

I

) is sign (interval) nonsingular, and jfA

�1

g

ij j > 0 for

al l A 2 A

S

(A

I

). That is, al l the element of the inverse of the given matrix do es not b e c ome

zer o. A sign matrix A

S

(interval matrix A

I

) is c al le d sign (interval) inverse semi-stable

when when A

S

(A

I

) is sign (interval) nonsingular, and fA

�1

g

ij

� 0 or fA

�1

g

ij

� 0 for al l

A 2 A

S

(A

I

). Her e, fB g

ij denotes ij-element of the matrix B.

This inverse stability

, originally de�ned on interv al matrices [3], can b e de�ned on sign

matrices as ab ov e. Obviously

, the inv erse stability of sign (interv al) matrices is equal to

that all the submatrices of order n � 1 as well as the original matrix of order n is sign

(interv al) nonsingular. The inv erse semi-stability of sign (interv al) matrix is equal to that

the original matrix of order n are sign (interv al) nonsingular and that all the submatrices

of order n � 1 are either sign(interv al) p ositive semi-de�nite or sign(interv al) negative semi-

de�nite. Condition for inv erse stability of interv al matrices has b een already obtained[4].

F or sign matrices, the following result directly follows from theorem 3.3.

9

T erm rank for structured matrix where only zero/non-zero pattern is sp eci�ed for each element is the

maximal rank that the matrix satisfying the zero/non-zero pattern of the elements can attain. In other

words, term rank fails to b e full means that there is no non-zero term in its expansion of the determinant.

8

T able 1: Summary of E�ects of Deleting or W eak ening Perturbations

Deleting or W eak ening Perturbations E�ect of Deleting or W eak ening

Deletion of all the Positiv e Cycles[1] Not Sign nonsingular !

Sign nonsingular

Making Positiv e Cycles Small Not interv al nonsingular !

Interv al nonsingular

Making Arcs satisfying condition Not interv al nonsingular !

stated in Prop osition 3.1 big Interv al nonsingular

Deletion of all the Paths of Opp osite Sign Sign rank < k !

of length smaller than k+1 (Prop osition 3.2) Sign rank � k

Addition of Paths of Opp osite Sign Sign inv erse stable !

satisfying the condition of Prop osition 3.6 Not sign inverse stable

Making Positiv e Cycles and Paths of Opp osite Sign Not interv al inv erse stable !

satisfying the condition of Prop osition 3.6 small Interv al inverse stable

Deletion of Arcs resulting Sign inv erse stable !

in Reducible Matrix (Corollary 3.5) Not sign inverse stable

Corollary 3.5 A (r e ducible) sign matrix is inverse (semi-)stable if it is sign nonsingular

and al l the p aths fr om no de i to no de j c orr esp onding to a

j i

= 0 ar e of the same sign.

Result similar to corollary 3.5 do es not hold for interv al nonsingularity and inv erse stability

of interv al matrices. Inv erse stability condition for interv al matrix consists of interv al

nonsingularity of original interv al matrix and that of all the submatrices of order n � 1.

Inv erse stability of interv al matrices plays an imp ortant role for sp ecifying interv als of

inv erse of interv al matrices as well as solving interv al systems of linear equations [3, 4].

As known from the ab ov e corollary 3.5, irreducibility is necessary for inv erse stability of

sign matrices. In order to make the given sign matrix inverse stable, cutting the p ositive

cycles and the paths of opp osite sign from no de i to no de j such that a

j i

= 0 do es not

alwa ys su�ce (it do es, how ev er, for inv erse semi-stability).

Prop osition 3.6 Irr e ducible sign matrix with p ositive cycles (henc e not sing nonsingular)

c an b e made inverse stable by deleting a set of ar cs whose r emoval

1. le aves no p ositive cycle,

2. le aves no p air of p aths of opp osite sign fr om no de i to no de j such that a

j i

= 0; and

3. pr eserves irr e ducibility.

9

T able 2: Cycles and Critical Paths

POSITIVE NEGA

TIVE

Cycles of length greater than one a

13 a

34 a

41

; a

15 a

54 a

41

; a

25 a

54 a

42 a

25 a

53 a

34 a

42

; a

15 a

53 a

34 a

41

Paths from 1 to 2 a

15 a

53 a

34 a

42 a

15 a

54 a

42

,a

13 a

34 a

42

Paths from 1 to 3 a

15 a

53 a

13

Paths from 2 to 1 a

25 a

53 a

34 a

41 a

25 a

54 a

41

Paths from 2 to 3 a

25 a

53 a

25 a

54 a

41 a

13

Paths from 5 to 3 a

54 a

41 a

13 a

53

Paths from 5 to 4 a

54 a

53 a

34

When applying the structural p erturbation principle to the ab ov e prop osition 3.6, irre-

ducibility need not to b e taken care of as noted b efore prop osition 3.1. Interv al inverse

stability can b e attained by making p ositive cycles and paths of opp osite sign from no de i

to no de j such that a

j i

= 0 small, since irreducibility is always preserved by the op eration

of making the absolute v alues of matrix elements small.

In summary

, sign prop erties discussed here can b e identi�ed by chec king the sign of the

determinant of original and submatrices, which can b e done by chec king signs of cycles and

paths in the signed directed graph. W e also discussed which interactions should b e made

small(or big) to attain corresp onding interv al prop erties by the structural p erturbation

principle. In order to know how small(or big) the interactions must b e made, �nding

maximum and minimum v alue of the determinant of original and submatrices is needed.

This can b e done by using sign structure of interv al matrices [9]. T able 1 summarizes the

principle of p erturbations presented in this section.

4 The Klein Mo del as an Illustrativ e Example

W e use the Klein mo del in economics [11] as an illustrative example. Figure 3 shows

the signed digraph of the irreducible comp onent of the Klein mo del corresp onding to the

following interv al matrix. Interv als are assigned arbitrary according to the sign structure

of the Klein mo del.

0

B

B

B

B

B

B

@

[�3; �1] [0; 0] [2; 3] [0; 0] [�5; �3]

[0; 0] [�7; �4] [0; 0] [0; 0] [�1; �2]

[0; 0] [0; 0] [�8; �3] [10; 13] [0; 0]

[2; 4] [2; 5] [0; 0] [�7; �5] [0; 0]

[0; 0] [0; 0] [7; 9] [�5; �3] [�4; �1]

1

C

C

C

C

C

C

A

T able 2 lists all the cycles of length greater than one and the critical paths, that are

paths from no de i to no de j for i,j such that a

j i

= 0: In order to make the given sign matrix

10

Figure 3: The Signed Digraph of the Irreducible Comp onent of the Klein Mo del

(interv al matrix) sign nonsingular (interv al nonsingular), all the p ositive cycles must b e cut

(made small). In order to further make the sign nonsingular (interv al nonsingular) matrix

sign inv erse stable (interv al inv erse stable), some arcs in the critical paths listed must b e

cut (made small) to make critical paths hav e the same sign, preserving irreducibility .

First, it is known that the sign structure of the interv al matrix is not sign nonsingular due

to the existence of p ositive cycles: a

25 a

54 a

42

; a

13 a

34 a

41

; a

15 a

54 a

41

: Among the cut set of arcs

whose remov al will cut all these p ositive cycles, the sets fa

54

; a

41 g; fa

54

; a

34 g; fa

54

; a

13 g;

fa

41

; a

42 g; fa

24

; a

41 g are the minimal set. Thus, making either of these v alues small would

make the interv al matrix interv al nonsingular by the structural p erturbation principle.

There is an arc contained only in the negative cycles; a

53

. F or example, the interv al matrix

obtained by replacing a

53 of the ab ov e interv al matrix with [1; 9]is not interv al nonsingu-

lar. How ev er, by prop osition 3.1, we can make this interv al matrix interv al nonsingular by

changing a

53 from [1; 9] to [5; 9] : Although this strategy can work to control interv al nonsin-

gularity

, it do es not work to control interv al inv erse stability

. In fact, a

53 do es not app ear

in the submatrix A

52 that is not sign nonsingular, hence may not b e interv al nonsingular.

By prop osition 3.2, the following submatrices of order four turned out to b e sign non-

singular; A

13

; A

14

; A

23

; A

24

; A

43

; A

44

; A

51

; A

53

; A

54

: Thus, the sign rank of the given sign

structure is known to b e four.

Since A

44 and A

54 are sign nonsingular, the interv al stability of the submatrix A

34 implies

interv al nonsingularity of the given interv al matrix by prop osition 3.4. After A

34 is known

to b e interv al nonsingular either by the combinatorial search of min/max of determinant [9]

or recursively analyzing the sign structure of the submatrix A

34

, the given interv al matrix

is judged to b e interv al nonsingular. The status of entire submatrices of order four follows:

11

0

B

B

B

B

B

B

@

I N S I N S S N S S N S I N S

N otI N S I N S S N S S N S I N S

I N S N otI N S N otI N S I N S N otI N S

N otI N S I N S S N S S N S I N S

S N S N otI N S S N S S N S N otI N S

1

C

C

C

C

C

C

A

where i th

row and j th

column indicates the status of the submatrix A

ij

. NotINS, INS,

and SNS, resp ectively indicate not interv al nonsingular, interv al nonsingular and sign non-

singular.

Among the cut set of p ositive cycles, the remov al of only the set fa

54

; a

13 g will leav e

the graph irreducible and no pair of paths of opp osite sign from no de i to no de j such

that a

j i

= 0: Hence, by prop osition 3.6, the remov al of these tw o arcs will make the

sign structure not only sign nonsingular but also sign inv erse stable. By the structural

p erturbation principle, making these parameters small would result in the interv al matrix

interv al nonsingular and interv al inv erse stable.

As known from the status of submatrices A

ij ab ov e, the given interv al matrix is not

interv al inv erse stable. How ev er, changing interv als from a

13

= [2; 3] ; a

54

= [�5; �3] to

a

13

= [1=10; 1=5] ; a

54

= [�1=5; �1=10] would make it interv al inv erse stable. In this case,

sign of all the elements of A

�1

can b e identi�ed by the signs of paths from no de i to no de

j and the sign of detA as follows

10

:

0

B

B

B

B

B

B

@

� + + + +

+ � + + +

� � � � +

� � + � +

� � � � �

1

C

C

C

C

C

C

A

5 Discussions

Brouw er et al. [11] prop osed tw o approaches for mixed sign analysis: (1) the top-down

approach: starting from sign equations, then try to identify which and how many equa-

tions hav e to b e estimated numerically

, (2) the b ottom-up approach: starting from fully

estimated numerical equations, then try to identify which and how many equations can b e

sp eci�ed in sign equations preserving sign prop erties.

W e hav e demonstrated an alternative approach in the previous section for the same

example (i.e. the Klein mo del) as [11]. That is, (3) the interv al approach: starting from

interv al systems whose interv als are set rather wide, then try to make the interv als narrow er.

10

Sign of ij-element of A

�1

is sg n(detA)sg n((�1) i+j

A

j i

) where sg n(detA) is (�1) or der �of �A

and

sg n((�1) i+j

A

j i

) is the sign of the path from no de i to no de j.

12

In general, the strong p oint of taking sign structure into account in the study of interv al

systems is tw ofold:

� Analysis: sign structure can help to inv estigate a certain prop erty of a given interv al

system when the sign structure satis�es a certain condition, or the deviation from

the structure is small enough. Inv estigation directly on interv al systems requires

exp ensive combinatorial search which can b e av oided in the ab ove cases.

� Synthesis: sign structure can help to reason which interactions are critical and which

interactions should b e made small (or big) for a certain prop erty

. This synthesis apply

all the instances of interv al systems having the same sign structure, while synthesis

in numerical level must work directly on each instance of interv al systems.

As we discussed elsewhere [9], this principle can b e used to reduce the numerical compu-

tations on interv al matrices. The structural p erturbation principle discussed in this note

can b e applied to any sign prop erties whose graphical conditions are known. The principle

would indicate which elements of interv al systems are critical to attain the interv al prop er-

ties. How ev er, this is just one of many wa ys to attain the interv al prop erties. There could

b e other wa ys of attaining the interv al prop erties other than making the critical elements

small(or big).

6 Conclusion

W e presented the structural p erturbation principle that can b e used to reason ab out interv al

prop erties of interv al systems based on their sign structures. By the principle, it is known

which interactions are critical or should b e made small (or big) to attain certain interv al

prop erties. In this note, we fo cus on such prop erties of matrices as nonsingularity

, rank

and inv erse stability

. The same approach is currently undertaken to relate sign and interv al

prop erties of dynamic systems such as stability and observ abilit y .

References

[1] J.S. Mayb ee, Sign solv abilit y , in Computer-Assiste d Analysis and Mo del of Simpli�c a-

tion, Eds., Greenb erg, H.J. and Mayb ee, J.S. , Academic Press, pp. 201-257, 1981.

[2] J.S. Mayb ee, D.D. Olesky , P . v an den Driessche, and G. Wierner, Matric es, Digr aphs,

and Determinants, SIAM J. Matrix Anal. Appl. 4(1989), pp. 500-519.

[3] J. Rohn, Systems of Line ar Interval Equations, Linear algebra and its applications,

Dec. (1990), pp. 39-78.

13

[4] J. Rohn, Inverse Interval Matrix, SIAM J. Numer. Anal. 3(1993), pp. 864-870.

[5] Y. Ishida, N. Adachi, and H. T okumaru, Some R esults on the Qualitative The ory of

Matrix, T rans. of SICE, 1(1981), pp.49-55.

[6] Y. Ishida, A Qualitative Analysis on Dynamic al Systems: Sign Structur e Memories of

Kyoto Universit y , 1(1992), pp. 21-32.

[7] Y. Ishida, A Gr aphic al Appr o ach to Qualitative R e asoning on Dynamic al Systems

ECAI’92, W ene Austria, (1992) pp744-748.

[8] K. Lancaster, The Sc op e of Qualitative Ec onomics , Rev. Economic Studies 29 (1962),

pp. 99-132.

[9] Y. Ishida, Structur al Analysis on Interval Matric es by Signe d Digr aph: Determinant

Maximization and Singularity,T ec hnical Rep ort of Nara Institute of Science and T ec h-

nology

, 1995.

[10] C. Berge, The The ory of Gr aphs and its Applic ations, Methuen, London, 1962.

[11] F. Brouw er, P

. Nijk amp and H. V o ogd, , Mixe d qualitative c alculus and e c onomic

mo deling, Syst. Anal. - Mo del. - Simul. 5(1987), pp. 399-408.

14