Equiv alence of the Generalized Complemen tarit y

Problem to Di�eren tiable Unconstrained

Minimization

Christian Kanzow

Institute of Applied Mathematics

Universit y of Hamburg

Bundesstrasse 55

D{20146 Hamburg

Germany

e-mail: k anzow@math.uni-ham burg.de

Masao F ukushima

Graduate Scho ol of Information Science

Nara Institute of Science and T echnology

8916{5 T ak a y ama, Ikoma

Nara 630{01

Japan

e-mail: fuku@is.aist-nara.ac.jp

January 10, 1995

Abstract. W e consider an unconstrained minimization reformulation of the generalized com-

plementarity problem (GCP). The merit function intro duced here is di�erentiable and has the

prop erty that its global minimizers coincide with the solutions of GCP

. Conditions for its sta-

tionary p oints to b e global minimizers are given. Moreov er, it is shown that the level sets of the

merit function are b ounded under suitable assumptions. W e also show that the merit function

provides global error b ounds for GCP

. These results are based on a condition which reduces to the

condition of the uniform P -function when GCP is sp ecialized to the nonlinear complementarity

problem. This condition also turns out to b e useful in proving the existence and uniqueness of a

solution for GCP itself. Finally we obtain as a bypro duct an error b ound result with the natural

residual for GCP .

Key words. Generalized complementarit y problem, nonlinear complementarit y problem, un-

constrained minimization, stationary p oint, b ounded level set, global error b ound.

AMS (MOS) sub ject classi�cations. 90C33, 90C30.

Abbreviated title. Generalized Complementarit y Problem.

1

1 In tro duction

Let F ; G : < n

! < n

b e any tw o functions, and consider the gener alize d c omplementarity

pr oblem, which is to �nd a vector x

�

2 < n

satisfying the conditions

F (x) � 0; G(x) � 0; F (x)

T

G(x) = 0:

W e denote this problem by GCP(F ; G).

The ab ov e formulation of GCP(F ; G) cov ers some related problems studied in the

literature; for example, if G(x) � x; then GCP(F ; G) reduces to the well{kno wn nonlinear

complementarit y problem, NCP(F ) for short. F or a�ne functions F ; i.e., F (x) = M x + q

with a matrix M 2 < n�n

and a vector q 2 < n

; NCP(F ) is called a linear complementarit y

problem and denoted by LCP(q ; M ). On the other hand, if we write G(x) = x � H (x)

with some function H : < n

! < n

; then GCP(F ; G) can b e identi�ed with the so{called

implicit complementarit y problem (sometimes also called quasi complementarit y problem)

as considered, e.g., in [25, 24, 10].

In a recent pap er, Tseng, Y amashita and F ukushima [31] have studied the following

unconstrained minimization formulation for GCP(F ; G):

min

x2< n

M (x; �) :=

X

i2I

’

M S

(F

i

(x); G

i

(x); �);

where � > 1 is any �xed parameter and

’

M S

(a; b; �) := ab +

1

2�

�

max

2

f0; a � �bg � a

2

+ max

2

f0; b � �ag � b

2

�

is the basis of Mangasarian and Solo dov’s implicit Lagrangian [22]. (In [31], GCP(F ; G) is

dealt with under a more general setting and a mo di�cation of F ukushima’s regularized gap

function [8] is also discussed.) Mangasarian and Solo dov [22] prov ed that ’

M S

(a; b; �) � 0

for all a; b 2 < and ’

M S

(a; b; �) = 0 if and only if a � 0; b � 0; ab = 0: Hence M (x; �)

is nonnegative and its global minimizers coincide with the solutions of GCP(F ; G). The

function ’

M S has some further nice prop erties which attracted several authors, see, e.g.,

Luo, Mangasarian, Ren and Solo dov [18], Y amashita and F ukushima [32], Kanzow [15]

and Jiang [12].

The approach presented in this pap er is similar, but we use a di�erent merit function

which is based on the function

’

F

(a; b) := p

a

2

+ b

2

� a � b: (1)

This function is due to Fischer [4] and also enjoys the prop erty that ’

F

(a; b) = 0 if and

only if a � 0; b � 0; ab = 0: Of course, ’

F could b ecome negative, hence some authors

prop ose to use the square of this function, namely

’(a; b) :=

1

2

�

p

a

2

+ b

2

� a � b

�

2

: (2)

The functions (1) and (2) are the basis of several recent pap ers on linear and nonlinear

complementarit y problems as well as on constrained optimization problems, see, e.g., Fis-

cher [5, 6, 7], Tseng [30], Jiang [12], Qi and Jiang [13, 29], F acchinei and Soares [2, 3],

ARITY PROBLEM 3

Geiger and Kanzow [9] and Kanzow [14, 15, 16, 17]. Here we use the function (2) in order

to reformulate GCP(F ; G) as the unconstrained minimization problem

min

x2< n

(x) :=

X

i2I

’(F

i

(x); G

i

(x)): (3)

Like the function M (x; � ); there is a one{to{one corresp ondence b etw een global minimizers

of and solutions of GCP(F ; G).

The pap er is organized as follows. In Section 2, we recall some de�nitions and ba-

sic facts which are needed in the subsequent analysis. Section 3 is devoted to examine

su�cient conditions for any stationary p oint of the merit function to b e a solution of

GCP(F ; G). In Section 4, we prov e that the Hessian matrix of is p ositive de�nite at

a solution of GCP(F ; G) under suitable assumptions. In Section 5, a new result on the

existence and uniqueness of a solution to GCP(F ; G) is given. This result relies on a con-

dition (see (10)), which reduces to the condition of the uniform P -function in the case of

the nonlinear complementarit y problem. This condition also turns out to b e imp ortant

in Sections 6 and 7. In Section 6, we give some su�cient conditions for the level sets of

the merit function to b e b ounded, whereas in Section 7 we prov e that the function

provides global error b ounds for GCP(F ; G) under appropriate conditions. Moreover we

obtain as a byproduct an error b ound result with the natural residual for GCP(F ; G). W e

conclude with some �nal remarks in Section 8.

Notation: Throughout this pap er, the index set f1; . . . ; ng is abbreviated by the upp er

case letter I : If F is a (continuously di�erentiable) vector{v alued function, its ith comp o-

nent function is denoted by F

i

: F or each i, the gradient of F

i at x, denoted by rF

i

(x),

is a column vector whose j th comp onent is

@ F

i

@ x

j

(x). The Jacobian of F at x, denoted by

F

0

(x), is a matrix whose ith row is rF

i

(x)

T

, where T denotes transp osition. Finally

, kxk

denotes the Euclidean norm of a vector x 2 < n

:

2 Mathematical Background

W e �rst recall the de�nitions of some classes of functions.

2.1 Definition. A mapping F : < n

! < n

is called a

(a) P

0

-function (

) 8x; y 2 < n

; x 6= y ; 9i 2 I : x

i

6= y

i and

[x

i

� y

i

] [F

i

(x) � F

i

(y )] � 0;

(b) P -function (

) 8x; y 2 < n

; x 6= y :

max

i2I

[x

i

� y

i

] [F

i

(x) � F

i

(y )] > 0;

(c) uniform P -function (with mo dulus � > 0) (

) 8x; y 2 < n

:

max

i2I

[x

i

� y

i

] [F

i

(x) � F

i

(y )] � � kx � y k

2

:

2

Let F b e an a�ne function given by F (x) = M x + q , where M 2 < n�n

and q 2 < n

:

Then M is called a P

0

-matrix if F is a P

0

-function, and M is said to b e a P -matrix if

F is a P -function. (In the a�ne case, F is a P -function if and only if it is a uniform

P -function.) Note that M 2 < n�n

is a P

0

-matrix if and only if, for all x 2 < n

; x 6= 0;

there exists an index i 2 I such that x

i

6= 0 and x

i

[M x]

i

� 0:

F or nonlinear functions F ; the following corresp ondence b etw een P

0

-functions and P

0

-

matrices is due to Mor� e and Rheinb oldt [23, Corollary 5.3 and Theorem 5.8].

2.2 Lemma. A c ontinuously di�er entiable function F : < n

! < n

is a P

0

-function if

and only if the Jac obian matric es F

0

(x) ar e P

0

-matric es for al l x 2 < n

: 2

The following classical result (see, e.g., Harker and Pang [11, Theorem 3.9]) will also

b e used in our analysis.

2.3 Lemma. Assume that F : < n

! < n

is a c ontinuous uniform P -function. Then

NCP(F ) has a unique solution. 2

F or the linear complementarit y problem LCP(q ; M ), Lemma 2.3 can b e sharp ened as

follows: LCP(q ; M ) has a unique solution for all q 2 < n

if and only if F is a (uniform)

P -function, i.e., if M is a P -matrix, see, e.g., Cottle, Pang and Stone [1, Theorem 3.3.7].

3 Stationary Poin ts

Some elementary

, but imp ortant prop erties of the function ’ as de�ned in (2) are sum-

marized in the following result.

3.1 Lemma. The function ’ de�ne d by (2) satis�es the fol lowing pr op erties:

(a) ’ is c ontinuously di�er entiable on <

2

; in p articular r’(0; 0) = (0; 0):

(b) ’(a; b) � 0 for al l (a; b) 2 <

2

:

(c) ’(a; b) = 0 (

) a � 0; b � 0; ab = 0:

(d)

@ ’

@ a

(a; b)

@ ’

@ b

(a; b) � 0 for al l (a; b) 2 <

2

:

(e)

@ ’

@ a

(a; b)

@ ’

@ b

(a; b) = 0 (

) ’(a; b) = 0:

Proof. See Kanzow [17, Lemma 2.1]. 2

As already noted in the intro duction, Lemma 3.1 and the de�nition of (cf. (3)) yield

the following characterization of solutions of GCP(F ; G).

3.2 Theorem. If GCP(F ; G) has a nonempty solution set, then x

�

2 < n

is a solution

of GCP(F ; G) if and only if (x

�

) = 0; i.e., x

�

is a glob al minimum of the nonne gative

function :

Note that the function may hav e a global minimum x

�

2 < n

with (x

�

) > 0 when

problem GCP(F ; G) has no solutions.

The sub ject of the remaining part of this section is to �nd suitable conditions which

guarantee that every stationary p oint of is a global minimum of this function.

3.3 Theorem. L et F ; G : < n

! < n

b e c ontinuously di�er entiable. L et x

�

2 < n

b e a

stationary p oint of such that G

0

(x

�

) is nonsingular and the pr o duct F

0

(x

�

)G

0

(x

�

)

�1

is

a P

0

-matrix. Then x

�

is a solution of GCP(F ; G).

ARITY PROBLEM 5

Proof. Assume that x

�

2 < n

is a stationary p oint of ; i.e.

r (x

�

) =

X

i2I

@ ’

@ a

(F

i

(x

�

); G

i

(x

�

))rF

i

(x

�

) +

X

i2I

@ ’

@ b

(F

i

(x

�

); G

i

(x

�

))rG

i

(x

�

) = 0:

This equation can b e rewritten as

F

0

(x

�

)

T

@ ’

@ a

(F (x

�

); G(x

�

)) + G

0

(x

�

)

T

@ ’

@ b

(F (x

�

); G(x

�

)) = 0; (4)

where

@ ’

@ a

(F (x

�

); G(x

�

)) :=

�

@ ’

@ a

(F

1

(x

�

); G

1

(x

�

)); . . . ;

@ ’

@ a

(F

n

(x

�

); G

n

(x

�

))

�

T

2 < n

and similarly

@ ’

@ b

(F (x

�

); G(x

�

)) :=

�

@ ’

@ b

(F

1

(x

�

); G

1

(x

�

)); . . . ;

@ ’

@ b

(F

n

(x

�

); G

n

(x

�

))

�

T

2 < n

:

Since G

0

(x

�

) is nonsingular, we can premultiply equation (4) by (G

0

(x

�

)

T

)

�1

to obtain

(F

0

(x

�

)G

0

(x

�

)

�1

)

T

@ ’

@ a

(F (x

�

); G(x

�

)) +

@ ’

@ b

(F (x

�

); G(x

�

)) = 0: (5)

F or simplicity of notation, de�ne M := (F

0

(x

�

)G

0

(x

�

)

�1

)

T

: Then, (5) can b e rewritten

comp onent wise as follows:

�

M

@ ’

@ a

(F (x

�

); G(x

�

))

�

i

+

@ ’

@ b

(F

i

(x

�

); G

i

(x

�

)) = 0 (i 2 I ):

Premultiplying this equation by

@ ’

@ a

(F

i

(x

�

); G

i

(x

�

)) yields

@ ’

@ a

(F

i

(x

�

); G

i

(x

�

))

�

M

@ ’

@ a

(F (x

�

); G(x

�

))

�

i

+

@ ’

@ a

(F

i

(x

�

); G

i

(x

�

))

@ ’

@ b

(F

i

(x

�

); G

i

(x

�

)) = 0

(6)

for all i 2 I : Assume that

@ ’

@ a

(F (x

�

); G(x

�

)) 6= 0: Since M is a P

0

-matrix, there exists an

index i

0

2 I with

@ ’

@ a

(F

i

0

(x

�

); G

i

0

(x

�

)) 6= 0 and

@ ’

@ a

(F

i

0

(x

�

); G

i

0

(x

�

))

�

M

@ ’

@ a

(F (x

�

); G(x

�

))

�

i

0

� 0: (7)

Because of Lemma 3.1 (d), we also hav e

@ ’

@ a

(F

i

0

(x

�

); G

i

0

(x

�

))

@ ’

@ b

(F

i

0

(x

�

); G

i

0

(x

�

)) � 0: (8)

F rom (6), (7), (8) and Lemma 3.1 (e), we therefore hav e

’(F

i

0

(x

�

); G

i

0

(x

�

)) = 0;

i.e., (F

i

0

(x

�

); G

i

0

(x

�

)) is a global minimizer of the nonnegative function ’: Since ’ is

di�erentiable, we have in particular

@ ’

@ a

(F

i

0

(x

�

); G

i

0

(x

�

)) = 0; a contradiction to the choice of the index i

0

: Hence

@ ’

@ a

(F (x

�

); G(x

�

)) = 0; which, by Lemma 3.1 (e), implies

’(F

i

(x

�

); G

i

(x

�

)) = 0 for all i 2 I : Consequently , x

�

is a solution of GCP(F ; G) by Theo-

rem 3.2. 2

W e note that the pro of of Theorem 3.3 also shows that GCP(F ; G) has a nonempty

solution set if and only if the merit function has a stationary p oint.

If G(x) � x; so that GCP(F ; G) reduces to the nonlinear complementarit y problem

NCP(F ), then Theorem 3.3 says that every stationary p oint of is a solution of NCP(F )

if F

0

(x

�

) is a P

0

-matrix. By Lemma 2.2, this is true if F is a continuously di�erentiable

P

0

-function, i.e., we reobtain a recent result of F acchinei and Soares [2, Theorem 4.1].

W e also note that Tseng, Y amashita and F ukushima [31, Theorem 4.2] proved a similar

result for Mangasarian{Solo dov’s implicit Lagrangian M (x; �); but they had to assume

that the matrix F

0

(x

�

)G

0

(x

�

)

�1

is p ositive de�nite. So our assumption is weak er; in

particular, it is satis�ed if F

0

(x

�

)G

0

(x

�

)

�1

is a p ositive semide�nite matrix.

4 Isolated Minima

Here we prov e that, under certain assumptions, the Hessian matrix r

2

(x) exists and is

p ositive de�nite. The pro of of this result is mo delled after the corresp onding pro of for

NCP(F ) given in [15]. W e �rst restate some easily established prop erties of the function

’:

4.1 Lemma. L et (a; b) 2 <

2

b e any ve ctor such that a; b � 0; ab = 0 and a + b > 0:

Then ’ is twic e c ontinuously di�er entiable at (a; b) and

@ ’

@ a

(a; b) = 0;

@ ’

@ b

(a; b) = 0;

@

2

’

@ a@ b

(a; b) = 0;

@

2

’

@ a

2

(a; b) = 0 if a > 0 = b;

@

2

’

@ a

2

(a; b) 6= 0 if b > 0 = a;

@

2

’

@ b

2

(a; b) 6= 0 if a > 0 = b;

@

2

’

@ b

2

(a; b) = 0 if b > 0 = a:

Proof. The assertions can b e easily veri�ed; see Kanzow [15]. 2

F or an arbitrary solution x

�

2 < n

of GCP(F ; G), let us intro duce the index sets

I

�

F

:= fi 2 I j F

i

(x

�

) = 0g;

I

�

G

:= fi 2 I j G

i

(x

�

) = 0g:

ARITY PROBLEM 7

A solution x

�

of GCP(F ; G) is called a strict c omplementary solution (or nonde gener ate

solution) if I

�

F

\ I

�

G

= ;:

4.2 Theorem. Assume that F ; G : < n

! < n

ar e twic e c ontinuously di�er entiable. L et

x

�

2 < n

b e a strict c omplementary solution of GCP(F ; G), and supp ose that the gr adients

rF

i

(x

�

) (i 2 I

�

F

) and rG

i

(x

�

) (i 2 I

�

G

) ar e line arly indep endent. Then the Hessian

matrix r

2

(x

�

) exists and is nonsingular.

Proof. Since x

�

is a strict complementary solution of GCP(F ; G), it follows from

Lemma 4.1 that the function is twice continuously di�erentiable at x

�

. Let (x) =

P

i2I i

(x); where

i

(x) := ’(F

i

(x); G

i

(x)) (i 2 I ):

W e have

r

i

(x) =

@ ’

@ a

(F

i

(x); G

i

(x))rF

i

(x) +

@ ’

@ b

(F

i

(x); G

i

(x))rG

i

(x)

and

r

2

i

(x) =

@

2

’

@ a

2

(F

i

(x); G

i

(x))rF

i

(x)rF

i

(x)

T

+

@

2

’

@ a@ b

(F

i

(x); G

i

(x))rF

i

(x)rG

i

(x)

T

+

@ ’

@ a

(F

i

(x); G

i

(x))r

2

F

i

(x)

+

@

2

’

@ b

2

(F

i

(x); G

i

(x))rG

i

(x)rG

i

(x)

T

+

@

2

’

@ a@ b

(F

i

(x); G

i

(x))rG

i

(x)rF

i

(x)

T

+

@ ’

@ b

(F

i

(x); G

i

(x))r

2

G

i

(x):

F rom Lemma 4.1, we therefore obtain at x = x

�

r

2

(x

�

) =

X

i2I r

2

i

(x

�

)

=

X

i2I

�

F r

2

i

(x

�

) +

X

i2I

�

G r

2

i

(x

�

)

=

X

i2I

�

F

@

2

’

@ a

2

(F

i

(x

�

); G

i

(x

�

))rF

i

(x

�

)rF

i

(x

�

)

T

+

X

i2I

�

G

@

2

’

@ a

2

(F

i

(x

�

); G

i

(x

�

))rG

i

(x

�

)rG

i

(x

�

)

T

:

F or simplicity

, we denote

@

2

’

@ a

2

(F

i

(x

�

); G

i

(x

�

)) and

@

2

’

@ a

2

(F

i

(x

�

); G

i

(x

�

)) by

@

2

’

@ a

2 and

@

2

’

@ a

2

,

resp ectively

. Let p 2 < n

b e an arbitrary vector such that r

2

(x

�

)p = 0; i.e.,

X

i2I

�

F

@

2

’

@ a

2 rF

i

(x

�

)

T

prF

i

(x

�

) +

X

i2I

�

G

@

2

’

@ b

2 rG

i

(x

�

)

T

prG

i

(x

�

) = 0: (9)

Since the gradients rF

i

(x

�

) (i 2 I

�

F

) and rG

i

(x

�

) (i 2 I

�

G

) are linearly indep endent, we

obtain from (9)

@

2

’

@ a

2 rF

i

(x

�

)

T

p = 0 (i 2 I

�

F

);

@

2

’

@ a

2 rG

i

(x

�

)

T

p = 0 (i 2 I

�

G

):

Again using Lemma 4.1, we therefore hav e

rF

i

(x

�

)

T

p = 0 (i 2 I

�

F

);

rG

i

(x

�

)

T

p = 0 (i 2 I

�

G

):

F rom the linear indep endence of the gradients rF

i

(x

�

) (i 2 I

�

F

) and rG

i

(x

�

) (i 2 I

�

G

),

we �nally get p = 0: Consequently

, the Hessian matrix r

2

(x

�

) is indeed nonsingular. 2

4.3 Corollar y. Under the assumptions of The or em 4.2, the Hessian matrix r

2

(x

�

)

is p ositive de�nite.

Proof. Since x

�

is a solution of GCP(F ; G), it is a global minimizer of the ob jective

function (see Theorem 3.2). So it follows from the second-order necessary optimality

condition for unconstrained minimization that the Hessian matrix r

2

(x

�

) is at least p os-

itive semide�nite. Since this matrix is symmetric and since it is nonsingular by Theorem

4.2, it must b e p ositive de�nite. 2

It is not di�cult to see that the function ’

M S

(the basis of Mangasarian and Solo dov’s

implicit Lagrangian) also satis�es the conditions stated in Lemma 4.1. Hence Theorem

4.2 and Corollary 4.3 remain true for the implicit Lagrangian, i.e., we reobtain Theorem

5.1 of Tseng, Y amashita and F ukushima [31] in this wa y .

W e also note that it is not necessary in Theorem 4.2 (and Corollary 4.3) to assume

explicitly that x

�

is a nondegenerate solution of GCP(F ; G), since the linear indep endence

assumption on the gradients of the active constraints imply that x

�

is nondegenerate (since

there cannot exist more than n linearly indep endent gradients in < n

).

The assertion of Corollary 4.3 is imp ortant since it guarantees that the solution x

�

is

an isolated solution of GCP(F ; G), which in turn implies that any metho d for solving the

unconstrained optimization problem

min

x2< n

(x)

achiev es its known (fast) rate of convergence in a neighbourho o d of such a solution.

5 Existence and Uniqueness of Solutions

In this section, we �rst prov e that GCP(F ; G) has at most one solution if the functions F

and G satisfy the following condition: There exists a constant � > 0 such that

max

i2I

[F

i

(x) � F

i

(y )] [G

i

(x) � G

i

(y )] � �kx � y k

2

for all x; y 2 < n

: (10)

This condition also plays a central role in our existence result, Theorem 5.3 b elow, as

well as in Sections 6 and 7. In the case of the nonlinear complementarit y problem, where

G(x) � x, condition (10) reduces to the de�nition of F b eing a uniform P -function, which

is known to b e a su�cient condition for NCP(F ) to hav e a unique solution (see Lemma

2.3).

5.1 Lemma. Assume that F ; G : < n

! < n

satisfy c ondition (10) for some � > 0: Then

GCP(F ; G) has at most one solution.

ARITY PROBLEM 9

Proof. Let x

�

; y

�

2 < n

b e tw o solutions of GCP(F ; G). According to (10), there

exists an index i 2 I such that

0 � �kx

�

� y

�

k

2

� [F

i

(x

�

) � F

i

(y

�

)] [G

i

(x

�

) � G

i

(y

�

)]

= � F

i

(y

�

)G

i

(x

�

) � F

i

(x

�

)G

i

(y

�

)

� 0;

since x

�

; y

�

are solutions of GCP(F ; G). Hence we hav e x

�

= y

�

: 2

In order to guarantee the existence of a solution of GCP(F ; G), we need an additional

assumption which is fairly strong.

5.2 Lemma. Assume that F ; G : < n

! < n

satisfy c ondition (10) for some � > 0; and

let G b e a Lipschitz{c ontinuous one{to{one mapping. Then the mapping H : < n

! < n

de�ne d by H := F � G

�1

is a uniform P -function.

Proof. F or all x; y 2 < n

; there exist unique u; v 2 < n

with x = G

�1

(u) and y =

G

�1

(v ); since G is one{to{one. By assumption, there is a Lipschitz{constan t L > 0 such

that

kG(x) � G(y )k � Lkx � y k for all x; y 2 < n

:

F rom this we obtain

ku � v k � LkG

�1

(u) � G

�1

(v )k for all u; v 2 < n

: (11)

Using (10), (11) and the de�nition of H ; we get for all u; v 2 < n

max

i2I

[H

i

(u) � H

i

(v )](u

i

� v

i

) = max

i2I

[H

i

(G(x)) � H

i

(G(y ))] [G

i

(x) � G

i

(y )]

= max

i2I

[F

i

(x) � F

i

(y )] [G

i

(x) � G

i

(y )]

� �kx � y k

2

= �kG

�1

(u) � G

�1

(v )k

2

�

�

L

2 ku � v k

2

:

Therefore, H is a uniform P -function (with mo dulus � := �=L

2

). 2

5.3 Theorem. Assume that F ; G : < n

! < n

satisfy c ondition (10) for some � > 0; F

is c ontinuous and G is a Lipschitz{c ontinuous home omorphism. Then GCP(F ; G) has a

unique solution.

Proof. According to Lemma 5.2, the mapping H : < n

! < n

de�ned by H := F � G

�1

is a uniform P -function. Moreover, since F and G

�1

are continuous, H is also a continuous

function. So it follows from Lemma 2.3 that NCP(H ), which is to �nd u 2 < n

such that

H (u) � 0; u � 0; u

T

H (u) = 0; (12)

has a unique solution u

�

2 < n

. Since NCP(H ) is easily shown to b e equiv alen t to

GCP(F ; G), we can conclude that GCP(F ; G) also has a unique solution x

�

= G

�1

(u

�

) 2

< n

: 2

6 Bounded Level Sets

The pro of of the �rst result in this section is based on a recent result of F acc hinei and

Soares [2] and Jiang and Qi [13] for nonlinear complementarit y problems.

6.1 Theorem. Assume that F : < n

! < n

is c ontinuous and G : < n

! < n

is a

home omorphism such that the mapping H : < n

! < n

de�ne d by H := F � G

�1

is a

uniform P -function. Then the level sets L (x

0

) := fx 2 < n

j (x) � (x

0

)g ar e c omp act

for al l x

0

2 < n

:

Proof. Let x

0

2 < n

b e arbitrary

. Since F and G are contin uous, it su�ces to prov e

the b oundedness of L (x

0

). Let u = G(x); i.e., x = G

�1

(u): Then GCP(F ; G) is equiv alent

to NCP(H ); see (12). Recall that our merit function for GCP(F ; G) is

(x) =

X

i2I

’(F

i

(x); G

i

(x));

and denote the corresp onding merit function for NCP(H ) by �; i.e.,

�(u) =

X

i2I

’(H

i

(u); u

i

):

These two merit functions are related by

(x) = �(G(x))

and

�(u) = (G

�1

(u)):

Denote the level set of � by

L

�

(u

0

) := fu 2 < n

j �(u) � �(u

0

)g;

where u

0

= G(x

0

): Since G is a homeomorphism, we hav e

L

�

(u

0

) = G

�

L (x

0

)

�

and

L (x

0

) = G

�1

�

L

�

(u

0

)

�

:

Since G and G

�1

are contin uous, this implies that L

�

(u

0

) is compact if and only if L (x

0

)

is compact. Since H is a continuous and uniform P -function, it follows from Theorem 4.2

in F acchinei and Soares [2] or Prop osition 4 in Jiang and Qi [13] that L

�

(u

0

) is b ounded.

Therefore L (x

0

) is also b ounded. 2

6.2 Corollar y. Assume that F ; G : < n

! < n

satisfy the c onditions of The or em 5.3.

Then the level sets L (x

0

) ar e b ounde d for al l x

0

2 < n

:

Proof. This follows immediately from Lemma 5.2, Theorem 5.3 and Theorem 6.1,

since the assumptions imply that H := F � G

�1

is a contin uous and uniform P -function.

2

ARITY PROBLEM 11

W e note that the function �(u) as intro duced in the pro of of Theorem 6.1 is also

a p ossible merit function for GCP(F ; G) (if H = F � G

�1

exists). How ev er, this merit

function needs the mapping G

�1

explicitly

, which is not very nice from a computational

p oint of view. W e now give a result on b ounded level sets without using G

�1

and without

assuming the existence of G

�1

: This result is based on the following simple lemma.

6.3 Lemma. If fa k

g; fb k

g � < ar e two se quenc es with ja k

j ! 1 and jb k

j ! 1; then

’(a k

; b k

) ! 1:

Proof. This follows immediately from Lemma 2.5 in [16]. 2

6.4 Theorem. Assume that F ; G : < n

! < n

ar e Lipschitz{c ontinuous functions

satisfying c ondition (10) for some � > 0: Then the level sets L (x

0

) ar e b ounde d for al l

x

0

2 < n

:

Proof. Let x

0

2 < n

b e �xed arbitrarily

. Assume there exists an unb ounded sequence

fx k

g � L (x

0

): Then, by condition (10), we have

� kx k

k

2

� max

i2I

[F

i

(x k

) � F

i

(0)] [G

i

(x k

) � G

i

(0)]

� [F

i

0

(x k

) � F

i

0

(0)] [G

i

0

(x k

) � G

i

0

(0)] (13)

for some index i

0

2 I indep endent of k and a suitable subsequence of fx k

g: It is clear from

(13) that at least one of the two sequences fF

i

0

(x k

)g and fG

i

0

(x k

)g is unb ounded on this

subsequence. W e prov e that b oth sequences are actually unbounded. Supp ose this is not

true. Without loss of generality

, let fF

i

0

(x k

)g b e unb ounded and fG

i

0

(x k

)g b e b ounded.

Then there exists a constant c > 0 such that

� kx k

k

2

� [F

i

0

(x k

) � F

i

0

(0)] [G

i

0

(x k

) � G

i

0

(0)]

� c [F

i

0

(x k

) � F

i

0

(0)]

� Lc kx k

k; (14)

where the �rst inequality comes from (13) and L > 0 denotes the Lipschitz constant of F :

Howev er, (14) contradicts the fact that fx k

g is unb ounded. Therefore F

i

0

(x k

) and G

i

0

(x k

)

are b oth unb ounded for the same index i

0

2 I : Because of Lemma 6.3 and Lemma 3.1 (b),

this implies that f (x k

)g is unb ounded, which contradicts the assumption fx k

g � L (x

0

):

This prov es the theorem. 2

It follows directly from the ab ove pro of that Theorem 6.4 still holds if condition (10)

is replaced by the weaker condition

max

i2I

[F

i

(x) � F

i

(0)] [G

i

(x) � G

i

(0)] � � kxk

2

(15)

for all x 2 < n

and some � > 0 (actually

, 0 can b e replaced by any �xed vector in < n

). F or

the sp ecial case of a nonlinear complementarit y problem, this condition is satis�ed, e.g.,

for functions F which are strongly monotone, strongly cop ositive or uniform P -functions

(on the entire space < n

). F or GCP(F ; G), how ever, condition (15) may not hold in general

even if F and G are b oth strongly monotone individually

, as shown by the following

example.

6.5 Example. Let n = 2 and F ; G : <

2

! <

2

b e de�ned by F (x) := M x and

G(x) := N x; where

M =

2 �1

�1 2

!

and

N =

5 �2

�2 1

!

:

The matrices M and N are symmetric and p ositive de�nite, so the functions F and G are

strongly monotone. Consider the ray (x

1

; x

2

) := (t; 2t) for t ! 1: It is not di�cult to see

that (x) = 0 on this ray

. Hence the level set L (x

0

) is not b ounded for any x

0

2 < n

:

This means that condition (15) is not satis�ed since all other assumptions of Theorem 6.4

are v alid. 2

W e stress that the only prop erty of the function ’ used in the pro of of Theorem 6.4 is

the one stated in Lemma 6.3. In particular, Theorem 6.4 remains true for Mangasarian{

Solo dov’s implicit Lagrangian M (x; �) (see Section 1), if we are able to prov e that the

function ’

M S enjoys a prop erty similar to the one stated in Lemma 6.3. In fact, we can

show the following lemma, which implies that Theorem 6.4 is also true for Mangasarian{

Solo dov’s implicit Lagrangian M (x; �):

6.6 Lemma. L et � > 1: If fa k

g; fb k

g � < ar e two se quenc es with ja k

j ! 1 and

jb k

j ! 1; then ’

M S

(a k

; b k

; �) ! 1:

Proof. Luo, Mangasarian, Ren and Solo dov [18] showed in the pro of of their Theorem

4.1 that there exist constants c

1

> 0 and c

2

> 0 such that the inequalities

c

1 min

2

fa; bg � ’

M S

(a; b; �) � c

2 min

2

fa; bg (16)

hold for all (a; b)

T

2 <

2

: The assertion now follows immediately (only the left inequality

of (16) is needed). 2

6.7 Corollar y. L et � > 1: Assume that F ; G : < n

! < n

ar e Lipschitz{c ontinuous

functions satisfying c ondition (10) for some � > 0: Then the level sets L

M

(x

0

) := fx 2

< n

j M (x; �) � M (x

0

; �)g ar e b ounde d for al l x

0

2 < n

: 2

When sp ecialized to the nonlinear complementarit y problem NCP(F ), Corollary 6.7

states that the level sets are b ounded for a Lipschitz{contin uous uniform P -function. Note

that this result improv es on a recent result of Y amashita and F ukushima [32, Theorem

2.3], where F was assumed to b e strongly monotone and Lipschitz{con tinuous. On the

other hand, Jiang [12, Prop osition 9] very recently prov es that the level sets are b ounded

for contin uous uniform P -functions (no Lipschitz-condition is needed). His pro of makes

use of a lemma similar to our Lemma 6.6. His pro of of this lemma, how ev er, is longer

since he did not exploit a condition like (16). The condition (16), on the other hand, will

also b e crucial in the following section.

ARITY PROBLEM 13

7 Global Error Bounds

The analysis of this section is an extension of the one given by Mangasarian and Ren [21]

for the nonlinear complementarit y problem. W e �rst restate the following de�nition of

error b ounds.

7.1 Definition. Let e : < n

! <; X � < n

and let dist(x; X ) := inf

y 2X kx � y k denote

the distance of an arbitray vector x to the set X : Assume that GCP(F ; G) has a nonempty

solution set X

�

:

(1) The function e is called a r esidual of GCP(F ; G) if e(x) � 0 for all x 2 < n

and

e(x) = 0 if and only if x solves GCP(F ; G).

(2) A residual e is a lower glob al err or b ound for GCP(F ; G) if there exists some constant

�

1

> 0 such that

�

1 e(x) � dist(x; X

�

) for each x 2 < n

:

(3) A residual e is an upp er glob al err or b ound for GCP(F ; G) if there exists some constant

�

2

> 0 such that

dist(x; X

�

) � �

2 e(x) for each x 2 < n

:

2

F rom the basic prop erties of the functions ’ and ’

M S

; it follows immediately that our

merit function as well as Mangasarian{Solo dov’s implicit Lagrangian M with � > 1 are

residuals for GCP(F ; G). The principal aim of this section is to prov e that (the square

ro ots of ) these tw o functions provide low er and upp er global error b ounds for GCP(F ; G).

F or each i 2 I , de�ne

r

i

(x) := minfF

i

(x); G

i

(x)g:

Let r (x) denote the vector with comp onents r

i

(x) (i 2 I ). It is clear that kr (x)k provides a

residual of GCP(F ; G), and it is called the natur al residual for GCP(F ; G). In the sp ecial

cases of LCP(q ; M ) and NCP(F ), the natural residual has play ed an imp ortant role in

establishing global error b ounds, see, e.g., Pang [27], Mangasarian and Ren [20, 21] and

Luo and Tseng [19]. It will play a similar role in our analysis for GCP(F ; G).

W e �rst prov e a few technical results.

7.2 Lemma. F or al l a; b; c; d 2 <; we have

j minfa; bg � minfc; dgj � maxfja � cj; jb � djg:

Proof. It su�ces to consider the tw o cases (i) a � b and c � d and (ii) a � b and

c � d. In case (i), the inequality in the lemma trivially holds. In case (ii), we hav e

j minfa; bg � minfc; dgj = ja � dj:

This case can b e further divided into the following two sub cases: (ii-a) a � d; (ii-b) a > d.

In sub case (ii-a), we hav e a � d � c and therefore ja � dj � ja � cj; whereas in sub case

(ii-b), we hav e b � a > d; which implies ja � dj � jb � dj: F rom this the desired inequality

follows immediately . 2

7.3 Lemma. Assume that F ; G : < n

! < n

ar e Lipschitz{c ontinuous with (c ommon)

c onstant L > 0. Then, for al l i 2 I , we have

jr

i

(x)j � Lkx � x

�

k for al l x 2 < n

;

wher e x

�

is an arbitr ary solution of GCP(F ; G).

Proof. By Lemma 7.2 and the fact that x

�

2 < n

is a solution of GCP(F ; G), we

obtain

j minfF

i

(x); G

i

(x)gj = j minfF

i

(x); G

i

(x)g � minfF

i

(x

�

); G

i

(x

�

)gj

� maxfjF

i

(x) � F

i

(x

�

)j; jG

i

(x) � G

i

(x

�

)jg

� Lkx � x

�

k

for all i 2 I and all x 2 < n

: 2

7.4 Lemma. F or e ach i 2 I and any solution x

�

2 < n

of GCP(F ; G), we have

[ F

i

(x

�

) � F

i

(x) + r

i

(x) ] [ G

i

(x

�

) � G

i

(x) + r

i

(x) ] � 0 for al l x 2 < n

:

Proof. First observe that

[ F

i

(x

�

) � F

i

(x) + r

i

(x) ] [ G

i

(x

�

) � G

i

(x) + r

i

(x) ]

= [ F

i

(x

�

) � (F

i

(x) � G

i

(x))

+

] [ G

i

(x

�

) � (G

i

(x) � F

i

(x))

+

]

= F

i

(x

�

)G

i

(x

�

) � F

i

(x

�

)(G

i

(x) � F

i

(x))

+

� G

i

(x

�

)(F

i

(x) � G

i

(x))

+

+ (F

i

(x) � G

i

(x))

+

(G

i

(x) � F

i

(x))

+

;

where ( � )

+

= maxf0; � g. Since x

�

is a solution of GCP(F ; G), we hav e

F

i

(x

�

)G

i

(x

�

) = 0;

F

i

(x

�

)(G

i

(x) � F

i

(x))

+

� 0;

G

i

(x

�

)(F

i

(x) � G

i

(x))

+

� 0:

Also it is easy to see that

(F

i

(x) � G

i

(x))

+

(G

i

(x) � F

i

(x))

+

= 0:

Combining the ab ov e equalities and inequalities, we get the desired inequality . 2

7.5 Lemma. Assume that F ; G : < n

! < n

ar e Lipschitz{c ontinuous with (c ommon)

c onstant L > 0. Then, for e ach i 2 I and any solution x

�

2 < n

of GCP(F ; G), we have

(F (x) � F

i

(x

�

))(G

i

(x) � G

i

(x

�

)) � 2L jr

i

(x)j kx � x

�

k for al l x 2 < n

:

ARITY PROBLEM 15

Proof. By Lemma 7.4, we hav e

0 � [ F

i

(x

�

) � F

i

(x) + r

i

(x) ] [ G

i

(x

�

) � G

i

(x) + r

i

(x) ]

= (F

i

(x

�

) � F

i

(x))(G

i

(x

�

) � G

i

(x))

+ r

i

(x)(F

i

(x

�

) � F

i

(x) + G

i

(x

�

) � G

i

(x)) + r

i

(x)

2

:

This implies

(F

i

(x

�

) � F

i

(x))(G

i

(x

�

) � G

i

(x)) � r

i

(x) ( F

i

(x) � F

i

(x

�

) + G

i

(x) � G

i

(x

�

) )

� jr

i

(x)j ( jF

i

(x) � F

i

(x

�

)j + jG

i

(x) � G

i

(x

�

)j )

� 2L jr

i

(x)j kx � x

�

k;

where the last inequality follows from the assumed Lipschitz{con tin uity of F and G: 2

7.6 Lemma. F or e ach i 2 I , we have

1

3 + 2 p

2 r

i

(x)

2

� ’(F

i

(x); G

i

(x)) � (3 + 2 p

2)r

i

(x)

2

for al l x 2 < n

:

Proof. Immediate from the de�nitions of r

i and ’, and Lemma 3.1 in Tseng [30]. 2

The following theorems demonstrate that the merit function actually provides global

error b ounds for GCP(F ; G) under appropriate conditions. Recall that Lemma 5.1 ensures

that, under condition (10), the solution of GCP(F ; G) is unique whenever the solution set

is nonempty .

7.7 Theorem. Assume that F ; G : < n

! < n

ar e Lipschitz{c ontinuous with c onstant

L > 0. Supp ose that the solution set X

�

of GCP(F ; G) is nonempty. Then the ine quality

(x) � (3 + 2 p

2)nL

2

dist(x; X

�

)

2

holds for al l x 2 < n

.

Proof. By Lemma 7.3, we hav e

jr

i

(x)j � L dist(x; X

�

):

Combining this inequality with Lemma 7.6 and the de�nition of , we hav e

(x) � (3 + 2 p

2)

X

i2I r

i

(x)

2

� (3 + 2 p

2)nL

2

dist(x; X

�

)

2

:

This completes the pro of. 2

7.8 Theorem. Assume that F ; G : < n

! < n

ar e Lipschitz{c ontinuous with c onstant

L > 0 and satisfy c ondition (10). Supp ose that the solution set X

�

of GCP(F ; G) is

nonempty. Then the ine quality

(x) �

�

2

4(3 + 2 p

2)L

2 kx � x

�

k

2

holds for al l x 2 < n

, wher e x

�

is the (unique) solution of GCP(F ; G).

Proof. By Lemma 3.1 (b), we hav e

’(F

i

(x); G

i

(x)) � 0

for all i 2 I . Moreov er, by Lemma 7.5 and condition (10), there exists at least one index

i such that

jr

i

(x)j �

�

2L kx � x

�

k;

which together with Lemma 7.6 implies that

’(F

i

(x); G

i

(x)) �

�

2

4(3 + 2 p

2)L

2 kx � x

�

k

2

:

F rom this, we obtain the desired inequality for . 2

7.9 Corollar y. Under the assumptions of The or em 7.8, the function p

pr ovides

(lower and upp er) glob al err or b ounds for GCP(F ; G).

Proof. Immediately follows from Lemma 7.3, Lemma 7.6 and Theorem 7.8. 2

Observe that, by (16) and Lemma 7.6, there exist p ositive constants c

1

; c

2

; c

3

; c

4 such

that

c

1 kr (x)k � p

M (x; �) � c

2 kr (x)k for all x 2 < n

;

c

3 kr (x)k � p

(x) � c

4 kr (x)k for all x 2 < n

;

where M is Mangasarian{Solo dov’s implicit Lagrangian with parameter � > 1. These

inequalities imply that p

;

p

M and kr k are equiv alen t in the sense that if one of them

is a (global) error b ound for GCP(F ; G) under some assumptions, then the other tw o also

provide (global) error b ounds for GCP(F ; G) under the same assumptions. The following

tw o corollaries immediately follow from this observ ation.

7.10 Corollar y. Under the assumptions of The or em 7.8, the function p

M with

� > 1 pr ovides (lower and upp er) glob al err or b ounds for GCP(F ; G). 2

7.11 Corollar y. Under the assumptions of The or em 7.8, the natur al r esidual kr k

pr ovides (lower and upp er) glob al err or b ounds for GCP(F ; G). 2

F or NCP(F ), Mangasarian and Ren [21] hav e shown that, if F is Lipschitz{con tinuous

and strongly monotone, then the natural residual kr k provides low er and upp er global error

b ounds. Recall that, in the case of NCP(F ), condition (10) is equiv alen t to the condition

ARITY PROBLEM 17

of a uniform P -function, which is weak er than the strong monotonicity condition. So

Corollary 7.11 improves up on the result by Mangasarian and Ren [21]. On the other

hand, Harker and Pang [11, Prop osition 4.4 (b)] state that the natural residual provides

a global error b ound for NCP(F ), if F is a Lipschitz{con tin uous uniform P -function. (In

[11, Prop osition 4.4 (b)], the Lipschitz{con tin uity assumption is missing but is actually

needed [28].) The pro of of that prop osition is attributed to [26], but there a pro of is

explicitly given for LCP(q ; M ) only

. The pro of for NCP(F ), how ev er, go es through along

the same lines ([28]).

8 Final Remarks

W e hav e prop osed an unconstrained minimization reformulation of the generalized com-

plementarity problem GCP(F ; G). Several prop erties of our merit function were prov ed

which are imp ortant from b oth the theoretical and numerical p oints of view. Howev er,

we have not mentioned any algorithm for minimizing the merit function . Since is

once (but not twice) continuously di�erentiable, it seems reasonable to use a �rst{order

metho d for minimizing : Moreov er, the recent research of Qi and Jiang [29] on con-

strained optimization problems and those of F acchinei and Soares [2] and Jiang and Qi

[13] on nonlinear complementarit y problems suggest that it should also b e p ossible to

apply a second{order (generalized Newton) metho d for minimizing : This could b e of

interest for future research work.

Ackno wledgmen t. W e thank Jong-Shi Pang for his v aluable comments on error

b ound results with the natural residual for the nonlinear complementarit y problem.

References

[1] R. W. Cottle, J.{S. P ang and R. E. Stone: The Line ar Complementarity

Pr oblem. Academic Press, Boston, Massach usetts, 1992.

[2] F. F acchinei and J. Soares: A new merit function for nonline ar c omplementarity

pr oblems and a r elate d algorithm. T ec hnical Rep ort 15.94, Dipartimento di Informat-

ica e Sistemistica, Universit� a di Roma \La Sapienza", Rome, Italy

, Decemb er 1994.

[3] F. F acchinei and J. Soares: T esting a new class of algorithms for nonline ar c om-

plementarity pr oblems. T o app ear in: F. Giannessi (ed.): V ariational Ine qualities

and Network Equilibrium Pr oblems, Plenum Press, 1994.

[4] A. Fischer: A sp e cial Newton{typ e optimization metho d. Optimization 24, 1992, pp.

269{284.

[5] A. Fischer: A Newton{typ e metho d for p ositive semide�nite line ar c omplementarity

pr oblems. Journal of Optimization Theory and Applications, to app ear.

[6] A. Fischer: On the sup erline ar c onver genc e of a Newton{typ e metho d for LCP under

we ak c onditions. Preprint MA

TH-NM-07-1993, Institute for Numerical Mathematics,

T ec hnical University of Dresden, Dresden, Germany

, June 1993 (revised March 1994).

[7] A. Fischer: An NCP{function and its use for the solution of c omplementarity pr ob-

lems. Preprint MA

TH-NM-12-1994, Institute for Numerical Mathematics, T echnical

Universit y of Dresden, Dresden, Germany

, Octob er 1994.

[8] M. Fukushima: Equivalent di�er entiable optimization pr oblems and desc ent metho ds

for asymmetric variational ine quality pr oblems. Mathematical Programming (Series

A) 53, 1992, pp. 99{110.

[9] C. Geiger and C. Kanzow: On the r esolution of monotone c omplementarity pr ob-

lems. Preprint 82, Institute of Applied Mathematics, Universit y of Hamburg, Ham-

burg, Germany

, April 1994.

[10] G. Isac: Complementarity Pr oblems. Lecture Notes in Mathematics 1528, Springer{

V erlag, Berlin, Germany

, 1992.

[11] P. T. Harker and J.{S. P ang: Finite{dimensional variational ine quality and non-

line ar c omplementarity pr oblems: a survey of the ory, algorithms and applic ations.

Mathematical Programming (Series B) 48, 1990, pp. 161{220.

[12] H. Jiang: Unc onstr aine d minimization appr o aches to nonline ar c omplementarities.

Rep ort AMR 94/33, Scho ol of Mathematics, Universit y of New South W ales, Sydney ,

Australia, Octob er 1994.

[13] H. Jiang and L. Qi: A new nonsmo oth e quations appr o ach to nonline ar c omple-

mentarities. Rep ort AMR 94/31, Scho ol of Mathematics, University of New South

W ales, Sydney

, Australia, Octob er 1994.

[14] C. Kanzow: Some e quation{b ase d metho ds for the nonline ar c omplementarity pr ob-

lem. Optimization Metho ds and Software 3, 1994, pp. 327{340.

[15] C. Kanzow: Nonline ar c omplementarity as unc onstr aine d optimization. Journal of

Optimization Theory and Applications, to app ear.

[16] C. Kanzow: Glob al c onver genc e pr op erties of some iter ative metho ds for line ar c om-

plementarity pr oblems. SIAM Journal on Optimization, to app ear.

[17] C. Kanzow: An unc onstr aine d optimization te chnique for lar ge{sc ale line arly c on-

str aine d c onvex minimization pr oblems. Computing 53, 1994, pp. 101{117.

[18] Z.{Q. Luo, O. L. Mangasarian, J. Ren and M. V. Solodov: New err or b ounds

for the line ar c omplementarity pr oblem. Mathematics of Op erations Research, to ap-

p ear.

[19] X.{D. Luo and P. Tseng: Conditions for a pr oje ction{typ e err or b ound for the

line ar c omplementarity pr oblem to b e glob al. T echnical Rep ort, Department of Math-

ematics, Universit y of W ashington, Seattle, W

A, Octob er 1993.

[20] O. L. Mangasarian and J. Ren: New impr ove d err or b ounds for the line ar c om-

plementarity pr oblem. Mathematical Programming (Series A) 66, 1994, pp. 241{255.

ARITY PROBLEM 19

[21] O. L. Mangasarian and J. Ren: New err or b ounds for the nonline ar c omplemen-

tarity pr oblem. T echnical Rep ort #1156, Computer Sciences Department, Universit y

of Wisconsin, Madison, WI, December 1993.

[22] O. L. Mangasarian and M. V. Solodov: Nonline ar c omplementarity as unc on-

str aine d and c onstr aine d minimization. Mathematical Programming (Series B) 62,

1993, pp. 277{297.

[23] J. J. Mor

�

e and W. C. Rheinboldt: On P - and S -functions and r elate d classes

of n�dimensional nonline ar mappings. Linear Algebra and its Applications 6, 1973,

pp. 45{68.

[24] M.A. Noor: Quasi{c omplementarity pr oblem. Journal of Mathematical Analysis and

Applications 130, 1988, pp. 344{353.

[25] J.{S. P ang: The implicit c omplementarity pr oblem. in: O.L. Mangasarian, R.R.

Meyer and S.M. Robinson (eds.): Nonline ar Pr o gr amming 4, Academic Press, 1981,

pp. 487{518.

[26] J.{S. P ang: Inexact Newton metho ds for the nonline ar c omplementarity pr oblem.

Mathematical Programming 36, 1986, pp. 54{71.

[27] J.{S. P ang: A p osteriori err or b ounds for the line arly{c onstr aine d variational in-

e quality pr oblem. Mathematics of Op erations Research 12, 1987, pp. 474{484.

[28] J.{S. P ang: Priv ate communication, January 1995.

[29] L. Qi and H. Jiang: Semismo oth Karush{Kuhn{T ucker e quations and c onver genc e

analysis of Newton and quasi{Newton metho ds for solving these e quations. T ec hnical

Rep ort AMR 94/5, Scho ol of Mathematics, Universit y of New South W ales, Sydney ,

Australia, March 1994 (revised Nov ember 1994).

[30] P. Tseng: Gr owth b ehaviour of a class of merit functions for the nonline ar c om-

plementarity pr oblem. T ec hnical Rep ort, Department of Mathematics, Universit y of

W ashington, Seattle, W

A, May 1994.

[31] P. Tseng, N. Y amashit a and M. Fukushima: Equivalenc e of c omplementarity

pr oblems to di�er entiable minimization: A uni�e d appr o ach. SIAM Journal on Opti-

mization, to app ear.

[32] N. Y amashit a and M. Fukushima: On stationary p oints of the implicit L agr angian

for nonline ar c omplementarity pr oblems. Journal of Optimization Theory and Appli-

cations, to app ear.