A BLOCK-P

ARALLEL CONJUGA

TE GRADIENT METHOD

FOR SEP

ARABLE QUADRA

TIC PROGRAMMING PR

OBLEMS

Eiki Y amak a wa Masao F ukushima

A TR Human Information Pr o c essing Nar a Institute of

R ese ar ch L ab or atories Scienc e and T e chnolo gy

( Nov em b er 14, 1994 )

A bstr act F or a large-scale quadratic programming problem with separable ob jective function, a v ariant of

the conjugate gradient metho d can e�ectively b e applied to the dual problem. In this pap er, we consider a

block-parallel mo di�cation of the conjugate gradient metho d, which is suitable for implementation on a parallel

computer. More precisely

, the metho d pro ceeds in a blo ck Jacobi manner and executes the conjugate gradient

iteration to solve quadratic programming subproblems asso ciated with resp ective blo cks. W e implement the

method on a Connection Machine Mo del CM-5 in the Single-Program Multiple-Data mo del of computation.

W e rep ort some numerical results, which show that the prop osed metho d is e�ective particularly for problems

with some blo ck structure.

1. Intro duction

In recent years, muc h e�ort has b een made in the design of parallel algorithms for solving v arious

optimization problems [2{4, 6{14, 22{24, 28, 29]. Many of those algorithms are of the data paral-

lel typ e, which execute identical or similar op erations on numerous data concurrently using many

processors. The two concepts that play an imp ortant role in designing such parallel algorithms are

the duality in mathematical programming and the splitting of op erators or matrices inv olved. F or

example, F ukushima et al. [14] have develop ed a descent typ e algorithm for solving general con-

v ex programming problems, using a dual optimization approach incorp orating the idea of op erator

splitting. Another useful idea from the duality theory is the alternating direction metho d of mul-

tipliers [7{9, 12], which is considered an ingenious dual metho d combined with op erator splitting.

On the other hand, Mangasarian and De Leone [22, 23] prop ose parallel successive over-relaxation

(SOR) metho ds for solving the symmetric linear complementarity problem. Those metho ds exploit a

matrix splitting that uses blo ck diagonal parts of the matrix inv olved. More recently

, multisplitting

has turned out to b e a p otential idea in developing e�ective parallel algorithms [11, 20]. Practical

large-scale problems often p ossess some sp ecial structure, which can b e exploited in designing a v ari-

et y of parallel algorithms. Zenios [28] discusses basic issues in the design and implementation of data

lev el parallelism for problems with netw ork structure. F or problems with certain blo ck structure,

parallelizable decomp osition algorithms are prop osed in [3, 10], which may e�ectively b e realized in

the Single-Program Multiple-Data (SPMD) mo del of computation.

In this pap er, we prop ose an algorithm, particularly suited for parallel computation, to solve the

follo wing separable quadratic programming problem:

P : minimize

1

2 x

>

D x + c

>

x

sub ject to a

>

i x = b

i

; i 2 E ;

a

>

i x � b

i

; i 2 I ;

where E and I are �nite index sets, D is an n � n p ositive diagonal matrix, c and a

i are vectors

in R n

, b

i are real numbers and > denotes transp osition. Let A and b denote the matrix whose i-th

ro w is a

>

i

, i 2 E [ I , and the vector whose i-th element is b

i

, i 2 E [ I , resp ectively

. Note that,

if problem P is feasible, it has a unique solution b ecause of the strong conv exit y of the ob jective

function. The dual of problem P can b e de�ned as

D : minimize

1

2 z

>

M z + q

>

z

sub ject to z

i

� 0; i 2 I ;

where

M = AD

�1

A

>

;

q = AD

�1

c + b:

(1.1)

F rom the standard duality theory [21], we can easily verify that the optimal solution x

�

of problem P

is related to an optimal solution z

�

of problem D by

x

�

= �D

�1

(A

>

z

�

+ c):

(1.2)

Let r denote the negative gradient of the dual ob jective function at z , that is,

r = �M z � q :

Then the Karush-Kuhn-T uc ker conditions for problem D may b e written as

r

i

= 0; i 2 E ;

r

i

� 0; z

i

� 0; r

i z

i

= 0; i 2 I :

(1.3)

Since M is p ositive semide�nite, conditions (1.3) are not only necessary but also su�cient for op-

timalit y of problem D. Finding a z satisfying (1.3) is in general a mixed linear complementarit y

problem. In particular, when the index set E is empty

, (1.3) b ecomes the symmetric linear comple-

men tarit y problem

M z + q � 0; z � 0; z

>

(M z + q ) = 0;

while, in the case where the index set I is empty

, (1.3) reduces to the system of linear equations

M z + q = 0:

The algorithm prop osed in this pap er is a blo ck-parallel mo di�cation of the conjugate gradient

method applied to the mixed linear complementarit y problem (1.3). More precisely

, the algorithm

exploits a splitting of matrix M such that M = G + H with G b eing a blo ck diagonal matrix. Thus the algorithm may b e regarded as a blo ck Jacobi metho d. The resulting subproblems involving

matrix G are decomp osed into small mixed linear complementarit y problems, which can b e solved

independently from each other. Those mixed linear complementarit y problems are solved using a

conjugate gradient metho d, which is a mo di�cation of the one given in [16] and is extended to deal

with simple b ounds. This approach is particularly e�ective when the problem is sparse, b ecause it

only requires simple op erations on the vectors a

i

. In the sp ecial case where the blo ck diagonal matrix

G is actually a diagonal matrix, the prop osed algorithm reduces to the classical p oint Jacobi metho d.

Although the p oint Jacobi metho d is suited for massively parallel computations, but often su�ers

slo w conv ergence b ecause of small steps. The blo ck Jacobi mo di�cation usually leads to larger

steps and hence accelerated conv ergence is exp ected. T o examine the practical e�ciency of the

proposed algorithm, it is implemented on a Connection Machine Mo del CM-5 in the SPMD mo del

of computation. Particular attention will b e paid on the e�ciency of the algorithm on problems

with blo ck angular structure.

This pap er is organized as follows. A splitting metho d for problem D is presented and its

con v ergence prop erties are discussed in Section 2. A blo ck-parallel algorithm for problem P is then

dev elop ed in Section 3. Implementation strategies for the prop osed algorithm in the SPMD mo del

of computation are describ ed in Section 4. Some computational results on the Connection Machine

Model CM-5 are rep orted in Section 5. Conclusions are given in Section 6.

Throughout the pap er we shall adopt the following notation. Let J b e an index set. F or a vector

u, u

J denotes the subvector of u with comp onents u

i

, i 2 J . F or matrix A, A

J denotes the submatrix

of A consisting of the rows a

>

i

, i 2 J .

2. Basic Splitting Metho d

In this section, we describ e a splitting metho d for solving problem D, which is a natural mo di�cation

of that for the symmetric linear complementarit y problem [5]. A pair (G; H ) of matrices is called a

splitting of matrix M if

M = G + H :

(2.1)

A splitting (G; H ) is said to b e r e gular if G � H is p ositive de�nite [5, p. 400]. Since M is p ositive

semi-de�nite (see (1.1)), G = (M + G � H ) = 2 is p ositive de�nite for any regular splitting (G; H ).

Using a regular splitting (G; H ) of M , a splitting metho d for the mixed linear complementarity

problem (1.3) generates a sequence fz

(k )

g by the following iterative pro cess.

Splitting Metho d (Prototyp e) :

Giv en z

(k )

, �nd a solution z

(k +1)

of the mixed linear complementarity problem

�

Gz + v

(k )

�

i

= 0; i 2 E ;

�

Gz + v

(k )

�

i

� 0; z

i

� 0;

�

Gz + v

(k )

�

i z

i

= 0; i 2 I ;

(2.2) where

v

(k )

= H z

(k )

+ q :

(2.3) 2

If G is symmetric, then subproblem (2.2) is equiv alent to the following quadratic programming

problem:

DSP

(k )

: minimize

1

2 z

>

Gz +

�

v

(k )

�

>

z

sub ject to z

i

� 0; i 2 I :

Since G is p ositive de�nite as noted ab ov e, subproblem DSP

(k )

has a unique solution for each k .

General convergence results of the splitting metho d for symmetric linear complementarit y prob-

lems hav e recently b een obtained by Luo and Tseng [18] and Iusem [17]. Moreover, Luo and

Tseng [19] hav e established the conv ergence of the splitting metho d for symmetric a�ne v ariational

inequalit y problems, which contain as sp ecial cases v arious optimization problems. In particular, the

mixed linear complementarit y problem (1.3) can b e represented as the a�ne v ariational inequality

problem of �nding a z

�

2 Z such that

( z � z

�

)

>

( M z

�

+ q ) � 0; 8z 2 Z ;

where Z is the p olyhedral conv ex set in R jE j+jI j

de�ned by

Z = f z j z

i

2 R ; i 2 E ; and z

i

� 0; i 2 I g :

Moreo v er, the solution z

(k +1)

of the mixed linear complementarit y problem (2.2) is the vector in Z

that satis�es the v ariational inequality

�

z � z

(k +1)

�

>

�

Gz

(k +1)

+ v

(k )

�

� 0; 8z 2 Z :

Therefore, the conv ergence of the splitting metho d for solving the mixed linear complementarity

problem (1.3) can b e deduced from the general results established in [19].

Theorem 1. If problem P is feasible, then the sequence fz

(k )

g generated by the splitting

method conv erges to an optimal solution of problem D.

Pro of : Under our blanket assumptions, if problem P is feasible, it has a unique solution.

Then, from the standard duality theory [21], problem D also has a solution and hence the ob jective

function of problem D is b ounded from b elow on Z . Consequently the assumptions of Theorem 3.2

in [19] are satis�ed and the desired results follow. 2

3. Blo c k-P arallel Algorithm

By appropriately cho osing matrix G inv olved in subproblem DSP

(k )

, a blo ck-parallel algorithm for

problem P is derived from the splitting metho d describ ed in the previous section. T o see this, let

J

‘

; ‘ = 1; � � � ; L, b e index sets such that

L

[

‘=1

J

‘

= E [ I and J

‘

\ J

‘

0 = ;; ‘ 6= ‘

0

:

Suppose that we hav e a regular splitting (G; H ) of matrix M such that, by reordering the rows and

the columns if necessary

, G is a blo ck diagonal matrix of the form

G =

0

B

B

B

B

B

B

@

G

1

0 � � � 0

0 G

2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0

0 � � � 0 G

L

1

C

C

C

C

C

C

A

;

where G

‘ are jJ

‘ j � jJ

‘ j symmetric matrices whose rows and columns corresp ond to the indices in J

‘

.

Then, subproblem DSP

(k )

can b e decomp osed into L indep endent subproblems DSP

(k )

‘

, ‘ = 1; � � � ; L,

as follows:

DSP

(k )

‘

: minimize

1

2 z

>

J

‘

G

‘ z

J

‘

+

�

v

(k )

J

‘

�

>

z

J

‘

sub ject to z

i

� 0; i 2 I \ J

‘

;

where v

(k )

J

‘ is the subv ector of v

(k )

given by (2.3). Since G is p ositive de�nite, matrices G

‘ are also

positive de�nite. Thus, each subproblem DSP

(k )

‘ alwa ys has a unique solution.

Note that the vector v

(k )

J

‘ inv olv ed in each subproblem DSP

(k )

‘ is calculated in the following wa y .

F or the current dual estimate z

(k )

, let

x

(k )

:= �D

�1

�

A

>

z

(k )

+ c

�

: (3.1)

Then, x

(k )

can b e regarded as an estimate of the optimal solution of problem P (see (1.2)). The

residual vector r

(k )

at x

(k )

for the constraints of problem P is de�ned by

r

(k )

:= Ax

(k )

� b:

(3.2)

Since (3.1) and (3.2) together with (1.1) imply

r

(k )

= �M z

(k )

� q ;

it follows from (2.1) that

v

(k )

:= H z

(k )

+ q

= (M � G) z

(k )

+ q

= �Gz

(k )

� r

(k )

:

Since G is blo ck-diagonal, we have

v

(k )

J

‘

= �G

‘ z

(k )

J

‘

� r

(k )

J

‘

; ‘ = 1; � � � ; L;

(3.3)

whic h means that each subproblem DSP

(k )

‘ is completely de�ned using the data av ailable within

block ‘.

Let I

(k )

denote the index set of active constrains of problem D at z

(k )

such that

I

(k )

:= n

i 2 I

�

�

� z

(k )

i

= 0 and r

(k )

i

� 0 o

:

Then, it is easy to see that z

(k )

and r

(k )

satisfy conditions (1.3) if and only if

r

(k )

i

= 0; i 2 E [ I

(k )

; (3.4) where

I

(k )

= I n I

(k )

:

Th us, we may terminate the iteration of the splitting metho d when conditions (3.4) hold.

T o summarize, we obtain the following blo ck-parallel algorithm for problem P .

Algorithm BP :

Step 1. Cho ose an initial dual estimate z

(1)

with comp onents z

(1)

i

2 R , i 2 E , and z

(1)

i

� 0, i 2 I .

Set k := 1.

Step 2. Compute

x

(k )

:= �D

�1

�

A

>

z

(k )

+ c

�

;

r

(k )

:= Ax

(k )

� b;

and let

I

(k )

:= n

i 2 I

�

�

� z

(k )

i

= 0 and r

(k )

i

� 0 o

;

I

(k )

:= I n I

(k )

:

If r

(k )

i

= 0; i 2 E [ I

(k )

, then stop. (comment: z

(k )

and x

(k )

are optimal solutions of problem D

and problem P

, resp ectively .)

Step 3. F or ‘ = 1; � � � ; L, �nd the solutions z

(k +1)

J

‘ of subproblems DSP

(k )

‘

.

Step 4. Set k := k + 1 and go to Step 2. 2

Step 3 of Algorithm BP can b e executed in parallel for J

‘

, ‘ = 1; � � � ; L. W e solve each subproblem

DSP

(k )

‘ by applying a slight mo di�cation of the conjugate gradient (CG) metho d [16], which uses an

activ e set strategy to deal with simple b ounds.

Let the ob jective function of subproblem DSP

(k )

‘ b e denoted by

(k )

‘

(z

J

‘

) =

1

2 z

>

J

‘

G

‘ z

J

‘

+

�

v

(k )

J

‘

�

>

z

J

‘

:

The steep est descent direction of

(k )

‘ at z

(k )

J

‘ is then calculated as

�r

(k )

‘

(z

(k )

J

‘

) = �G

‘ z

(k )

J

‘

� v

(k )

J

‘

= r

(k )

J

‘

;

where the last equality follows from (3.3). Thus, we can execute the CG iterations using z

(k )

J

‘ and

r

(k)

J

‘ as an initial estimate of a solution and an initial search direction, resp ectively

. In particular,

there is no need to calculate the vector v

(k )

J

‘ explicitly .

T o improve the sp eed of convergence, we precondition G

‘ as

^

G

‘

= W

‘

G

‘

W

>

‘

;

where W

‘ is a nonsingular matrix chosen so that the condition num b er of

^

G

‘ is smaller than that of

G

‘

[15, x9.2]. Assuming that the diagonal elements of G are all p ositive, we adopt here the simple

preconditioning called diagonal sc aling that uses

W

‘

= diag

(

1

p

g

ii

)

i2J

‘

;

where g

ii are the diagonal elements of G. Then, since W

‘ is p ositive and diagonal, subproblem

DSP

(k )

‘ is equiv alen t to the problem

minimize

1

2

^ z

>

J

‘

^

G

‘

^ z

J

‘

+

�

^ v

(k )

J

‘

�

>

^ z

J

‘

sub ject to ^ z

i

� 0; i 2 I \ J

‘

;

where ^ z

J

‘

= W

�1

‘ z

J

‘ and ^ v

(k )

J

‘

= W

‘ v

(k )

J

‘

. The preconditioned conjugate gradient (PCG) metho d

stated b elow is in essence a CG metho d applied to this problem. Now let

^

(k )

‘ denote the ob jective

function of the latter problem. Then, since r

^

(k )

‘

( ^ z

J

‘

) = W

‘ r

(k )

‘

(z

J

‘

), the initial search direction

r

(k)

J

‘ is in particular mo di�ed as Y

‘ r

(k )

J

‘

, where Y

‘

= W

2

‘

= diagf1=g

ii g

i2J

‘

.

Now we state the preconditioned CG pro cedure to �nd a solution of subproblem DSP

(k )

‘

.

Pro cedure PCG :

Step 1. Let Y

‘

( = diag f y

i g

i2J

‘

) := diag f 1=g

ii g

i2J

‘

. Set

z

J

‘

:= z

(k )

J

‘

;

r

J

‘

:= r

(k )

J

‘

;

E

‘

:= E \ J

‘

:

Step 2. Set

I

‘

:= f i 2 I \ J

‘ j z

i

= 0 and r

i

� 0 g ;

I

‘

:= (I \ J

‘

) n I

‘

:

If r

i

= 0; i 2 E

‘

[ I

‘

, then stop. (comment: z

J

‘ is an optimal solution of subproblem DSP

(k )

‘

.)

Step 3. Let p

J

‘ b e the vector such that

p

i

:=

8

<

:

0; i 2 I

‘

;

y

i r

i

; i 2 E

‘

[ I

‘

:

Step 4. Compute

s

J

‘

:= G

‘ p

J

‘

;

�

‘

:= p

>

J

‘ s

J

‘

;

�

‘

:= p

>

J

‘ r

J

‘

;

�

‘

:= �

‘

= �

‘

:

If z

J

‘

+ �

‘ p

J

‘

� 0, then go to Step 5. Otherwise, go to Step 6.

Step 5. Set

z

J

‘

:= z

J

‘

+ �

‘ p

J

‘

;

r

J

‘

:= r

J

‘

� �

‘ s

J

‘

:

If r

i

= 0; i 2 E

‘

[ I

‘

, then go to Step 2. Otherwise, let

�

‘

:=

1

�

‘

X

i2E

‘

[ I

‘ y

i r

2

i

;

p

i

:=

8

<

:

0; i 2 I

‘

;

y

i r

i

+ �

‘ p

i

; i 2 E

‘

[ I

‘

;

and go to Step 4.

Step 6. Calculate

�

‘

:= min

�

�z

i

p

i

�

�

�

� p

i

< 0; i 2 I

‘

�

:

Set

z

J

‘

:= z

J

‘

+ �

‘ p

J

‘

;

r

J

‘

:= r

J

‘

� �

‘ s

J

‘

;

I

‘

:= f i 2 I \ J

‘ j z

i

= 0 g ;

I

‘

:= (I \ J

‘

) n I

‘

:

If r

i

= 0; i 2 E

‘

[ I

‘

, then go to Step 2. Otherwise, go to Step 3. 2

In the remainder of this section, some examples of splitting (G; H ) are describ ed. The simplest

c hoice is to let G

‘ b e a scalar multiple of the blo ck diagonal part of matrix M , that is,

G

‘

:= !

�1

M

‘

; (3.5)

where ! > 0 is a relaxation parameter and M

‘ denotes the submatrix of M consisting of the elements

a

>

i

D

�1

a

j

, (i; j ) 2 J

‘

� J

‘

. Clearly G is p ositive semi-de�nite. In addition, if the constraint matrix

A of problem P has some blo ck structure, the o�-blo ck-diagonal parts of matrix M are supp osed to

be highly sparse. Then, a relatively large v alue of the relaxation parameter ! can b e chosen and

hence fast conv ergence is exp ected. Moreov er, since each element of G

‘ is of the form !

�1

a

>

i

D

�1

a

j

,

the matrix-vector multiplications inv olving G

‘ in Pro cedure PCG can e�ectively b e executed using

only simple op erations on the rows of A.

If matrices M

‘ are p ositive de�nite (they are p ositive semi-de�nite by construction), then the

splitting (G; H ) given by (3.5) is regular, provided that parameter ! is chosen su�ciently small. On

the other hand, when M

‘ are not p ositive de�nite, the splitting (G; H ) is not necessarily regular. In

suc h a case, by choosing G

‘ as

G

‘

:= M

‘

+ !

�1

I

‘ or G

‘

:= !

�1

( M

‘

+ I

‘

) ;

where I

‘

2 R jJ

‘ j�jJ

‘ j

is the identit y matrix, the splitting (G; H ) b ecomes regular for su�ciently small

! > 0.

The ab ov e-men tioned choices of G yield sparsity-preserving CG iterations, and hence enable us

to deal e�ectively with large-scale problems.

4. Implementation Strategy

Algorithm BP is of the control parallel type in the sense that multiple quadratic programming

subproblems may b e solved concurrently

. This typ e of parallel algorithms can b e implemented on

Multiple-Instruction Multiple-Data (MIMD) systems, where individual pro cessors run under the

con trol of their own program. F or the prop osed algorithm, how ever, the programs in the individual

processors are nearly identical b ecause we solve each subproblem DSP

(k )

‘ by applying Pro cedure

PCG. In such a case, the SPMD mo del of computation is conv enient, in which a single program

is written and all pro cessors execute this program on their own data indep endently

. It is also

appropriate that the prop osed algorithm is implemented on a distributed memory system, in which

processors communicate by exchanging messages through a interconnecting netw ork.

Now we describ e the implementation strategy for the prop osed algorithm. Under the multi-

processor environmen t, one pro cessor, which we refer to as the master no de, controls ma jor iterations,

while the remaining pro cessors called worker no des concentrate on inner iterations. More precisely ,

subproblems DSP

(k )

‘ are solved using Pro cedure PCG on worker no des in parallel. Then, making

use of massage passing primitives, their solutions z

(k +1)

J

‘ are transmitted to the master no de, which

executes Step 2 of Algorithm BP

. If conditions (3.4) are satis�ed, the master no de broadcasts the

termination of the algorithm. Otherwise, the master no de transmits the subv ectors r

(k +1)

J

‘ to the

corresponding worker no des. Then, using r

(k +1)

J

‘ together with the previous solution z

(k +1)

J

‘

, each

w ork er no de again executes Pro cedure PCG to solve subproblem DSP

(k +1)

‘

, and so forth.

The ab ov e mentioned strategy

, which naturally follows from the construction of Algorithm BP ,

is slightly ine�cient b ecause each worker no de remains idle while the master no de executes Step 2

of Algorithm BP

. In fact, the most time consuming part of the algorithm is the matrix-vector

m ultiplications A

>

z

(k )

and Ax

(k )

. T o reduce idle time, we mo dify the implementation strategy in

the following wa y . Since Pro cedure PCG consists of simple op erations on the rows of submatrix A

J

‘

,

w e replace the message z

(k +1)

J

‘ from each work er no de to the master no de by D

�1

A

>

J

‘ z

(k +1)

J

‘

. Then,

the master no de calculates an estimate x

(k +1)

of the optimal solution of problem P simply as

x

(k +1)

= �

L

X

‘=1

D

�1

A

>

J

‘ z

(k +1)

J

‘

� D

�1

c;

and immediately broadcasts it to all work er no des. Moreov er, b efore solving subproblem DSP

(k +1)

‘

,

eac h work er no de indep endently calculates the subv ector of the residual r

(k +1)

as

r

(k +1)

J

‘

= A

J

‘ x

(k +1)

� b

J

‘

:

On the other hand, the residual r

(k +1)

is also calculated on the master no de and the termination

criterion (3.4) is chec ked while the work er no des are solving subproblems DSP

(k +1)

‘

. An example of

the execution sequence for the prop osed algorithm is illustrated in Figure 1.

Finally

, we brie y describ e how matrix A, which is decomp osable into smaller sparse blo cks A

J

‘

,

is represented. On the master no de and each work er no de, all working v ariables used in Algorithm

BP and Pro cedure PCG are stored in one-dimensional arrays whose length are equal to the non-zero

elemen ts of A and A

J

‘

, resp ectively

. Moreov er, we store the non-zero elements of a

i in a contiguous segmen t for each index i 2 J

‘

. Then, the segmented scan op eration [29, x3.2] enables us to p erform

matrix-v ector multiplications asso ciated with matrix A or its submatrices A

J

‘ e�ectively on their

segmen ts. If data level parallelism is av ailable on the master no de and each work er no de, these

m ultiplications are executed, in fact, in parallel.

5. Numerical Results

In this section, we rep ort some numerical results with the prop osed algorithm on the Connection

Mac hine Mo del CM-5 at A

TR Human Information Pro cessing Research Lab oratories. The particular

con�guration of the CM-5 is 32 pro cessing no des (PN’s). Each PN has 4 vector oating p oint units

and 4 banks of 8 Mbytes lo cal memories. The p erformance of each PN is estimated as 128 MFLOPS

(peak) [26]. On the CM-5, the SPMD mo del of computation is av ailable, in which v arious algorithms

of control parallel type can e�ectively b e implemented as well as those of data parallel typ e. The

procedure to b e executed on each PN was co ded in the data parallel language CM F ortran [25]

together with the softw are library CMMD [27], which provides v arious routines for realizing control

parallel primitives such as global synchronization and message passing b etween PN’s. Under the

mec hanism of virtual pro cessors [29, x3.1], each PN on the Connection Machine system op erates in

a serial fashion on multiple copies of data as if multiple PN’s op erate on their own copy of data.

Since CM F ortran is an extension of FOR

TRAN sp ecially designed for computations on large arrays,

inner pro ducts of vectors and sparse matrix-vector multiplications inv olv ed in Algorithm BP and

Procedure PCG may e�ectively b e p erformed on each PN.

W e tested the prop osed algorithm on randomly generated sparse quadratic programming prob-

lems of the following form:

minimize

1

2 x

>

D x + c

>

x

sub ject to Ax � b;

(5.1)

where D is an n � n p ositive diagonal matrix, c is a vector in R n

, A is an m � n matrix with some

block structure and b is a vector in R m

. The non-zero elements of A and all elements of b, c and D

w ere chosen uniformly from the interv als [�5; 5], [1; 10], [�100; 100] and [1; 10], resp ectively

. Note

that any problem thus generated is feasible, b ecause b > 0 implies that the origin x = 0 satis�es

the constraints. W e used tw o sets of test problems; one with staircase structure, the other with

block angular structure. Each set consists of problems with v arious size. F or each problem size, we

generated �ve problem instances using di�erent random num b er seeds. The results shown in the

tables and �gures b elow are the averages ov er the �ve test problems generated.

Algorithm BP combined with Pro cedure PCG can b e applied to problem (5.1) by setting E = ;.

In Step 2 of Algorithm BP

, we stop the iteration if the conditions

j r

(k )

i j � 10

�7

k b k

1

or

z

(k )

i

= 0; r

(k )

i

� 10

�7

k b k

1 hold for all i 2 f1; � � � ; mg. On the other hand, we terminate Pro cedure PCG for solving subproblem

DSP

(k )

‘ when the current iterate satis�es either

j r

i j � "

(k )

‘ k b

J

‘ k

1

or

z

i

= 0; r

i

� "

(k )

‘ k b

J

‘ k

1

for all i 2 J

‘

, where "

(k )

‘ are su�ciently small p ositive num b ers. It should b e noted that the tolerances

"

(k)

‘ hav e to b e 10

�7

or less at the �nal stage of the ma jor iterations. F rom a practical viewp oint,

ho w ever, it is often e�ective to truncate inner iterations using relatively lo ose convergence criteria

when the current (ma jor) iterate is far from the optimal solution. Thus, we intro duce the following

strategy:

"

(1)

‘

:= max

(

r

(1)

i

k b

J

‘ k

1

�

�

�

�

� i 2 J

‘

)

;

"

(k )

‘

:= max

(

10

�7

;

"

(k �1)

‘

10

)

; k > 1:

(5.2)

Throughout the computational exp eriments, the initial p oint for Algorithm BP was alwa ys chosen

as z

(1)

= 0, and the matrices G

‘ inv olv ed in subproblem DSP

(k )

‘ were set to b e the blo ck diagonal

part of matrix M as in (3.5). Moreov er, we assume that each work er no de can b e assigned to solve

its own subproblem DSP

(k )

‘ exclusively

. All computations were done in double precision arithmetic.

5.1. Staircase constraints

W e �rst tested the prop osed algorithm on problems of the form (5.1), in which matrix A has the

staircase structure

A =

0

B

B

B

B

B

B

B

B

B

B

B

B

@

A

1 1

A

1 2

A

2 1

A

2 2

A

2 3

A

3 2

A

3 3

A

3 4

.

.

.

A

Q�1 Q�2

A

Q�1 Q�1

A

Q�1 Q

A

Q Q�1

A

Q Q

1

C

C

C

C

C

C

C

C

C

C

C

C

A

:

This typ e of problems often arise in multi-perio d planning and discrete-time dynamic control. Let

the diagonal matrix D b e symmetrically partitioned to conform with the column partition of A, i.e.,

D = diag f D

1 1

; D

1 2

; D

2 2

; D

2 3

; D

3 3

; D

3 4

; � � � ; D

Q�1 Q�1

; D

Q�1 Q

; D

Q Q g :

Then, matrix M given by (1.1) is written as the blo ck tri-diagonal matrix

M =

0

B

B

B

B

B

B

B

B

B

@

M

1 1

M

1 2

M

2 1

M

2 2

M

2 3

M

3 2

M

3 3

.

.

.

.

.

.

.

.

.

M

Q�1 Q

M

Q Q�1

M

Q Q

1

C

C

C

C

C

C

C

C

C

A

; (5.3) where

M

q q

= A

q q �1

D

q �1 q

A

>

q q �1

+ A

q q

D

q q

A

>

q q

+ A

q q +1

D

q q +1

A

>

q q +1

; q = 1; � � � ; Q;

M

q q +1

= A

q q +1

D

q q +1

A

>

q +1 q

= M

>

q +1 q

; q = 1; � � � ; Q � 1;

with A

1 0

= A

Q Q+1

= 0. When we can use as many work er no des as the num b er Q of blo cks, we

simply determine G

‘ using the blo ck diagonal part M

‘ ‘ of matrix M . Otherwise, we set, for example,

M

‘

=

0

B

B

B

B

B

@

M

q

‘ q

‘

M

q

‘ q

‘

+1

0 0

M

q

‘

+1 q

‘

M

q

‘

+1 q

‘

+1

M

q

‘

+1 q

‘

+2

0

0 M

q

‘

+2 q

‘

+1

M

q

‘

+2 q

‘

+2

M

q

‘

+2 q

‘

+3

0 0 M

q

‘

+3 q

‘

+2

M

q

‘

+3 q

‘

+3

1

C

C

C

C

C

A

:

Since the blo ck diagonal matrix G given by (3.5) do es not di�er so much from the blo ck tri-diagonal

matrix M of (5.3), we may exp ect that the prop osed algorithm can e�ectively b e applied to problems

with staircase structure.

Now let A

q

2 R m

q

�n

q

denote the row blo ck of matrix A such that

A

q

=

8

>

>

>

<

>

>

>

:

( A

1 1

; A

1 2

) ; q = 1;

( A

q q �1

; A

q q

; A

q q +1

) ; q = 2; � � � ; Q � 1;

( A

Q Q�1

; A

Q Q

) ; q = Q:

Then a problem with staircase structure can b e characterized by the number Q of blo cks, the size

(m

q

; n

q

) of each blo ck and the size (m; n) of the whole matrix A. W e generated test problems with

v arious size, in which the ratio of m to n is �xed at 1=4, the size of row blo cks A

q are identical and

the num b er of non-zero elements in each matrix A

q is �xed at 8192. The ov erlap of tw o consecutive

blocks is either ab out 10% or ab out 20% in terms of the num b er of columns. The characteristics of

the test problems are shown in T able 1.

First of all, we made a preliminary exp eriment to verify the e�ects of the strategy based on

(5.2). T est problem QP12 was used in this exp eriment. F or comparison purp oses, we also solved

this test problem under the same termination criterion for inner iterations with the �xed tolerance

"

(k)

‘

= 10

�7

for all ‘ and k . T able 2 shows the p erformance of the tw o strategies when the number L

of work er no des is 2 and 8. Observe that the truncation strategy (5.2) for inner iterations increases

the num b er of ma jor iterations very little and, more imp ortantly

, reduces the total computation

time signi�cantly .

W e next examined the p erformance of the prop osed algorithm under v arious choices of relaxation

parameter ! . In this exp eriment, test problems QP11{QP13 were solved using L worker no des, where

L v aries from 2 to Q. The results are shown in Figure 2, in which b oth axes represent logarithmic

scale. The symb ol � in the �gure indicates the total computation time in the case of L = 1 and

! = 1:0, which means that problem D is not split into subproblems and the whole problem is solved

b y the preconditioned conjugate gradient metho d (Pro cedure PCG) on a single PN. It is interesting

to observe that the algorithm initially tends to conv erge faster as ! increases, but it b egins to slow

do wn when ! exceeds 1:0, and even tually fails to conv erge when ! b ecomes 1:4.

Then some additional exp eriments were made to observe the b ehavior of the prop osed algorithm

for problems with v arious size. W e solved problems QP14{QP17 by setting relaxation parameter

! = 1:0. Figure 3 shows the total computation time for several choices of the number L of work er

nodes. Note that, for problem QP17 with 16 blo cks, the case L = 16 required more computation time

than the case L = 8. This is probably b ecause, when 16 work er no des are used, the communication

o v erhead b etw een the master and work er no des b ecomes relatively large in comparison with the

computation time sp ent at each worker no de executing Pro cedure PCG.

5.2. Blo c k angular constraints

W e also tested the prop osed algorithm on problems of the form (5.1), in which matrix A has the

block angular structure

A =

0

B

B

B

B

B

B

B

B

B

@

A

1

A

2

.

.

.

A

Q

A

1

A

2

� � � A

Q

1

C

C

C

C

C

C

C

C

C

A

;

where A

q and A

q are matrices in R m

q

�n

q

and R n�n

q

, resp ectively

. A typical example of problems

with blo ck angular structure is a multi-commo dity ow problem. Corresp onding to the column

partition of A, we may rewrite the diagonal matrix D as

D = diag f D

1

; D

2

; � � � ; D

Q g ;

where D

q are n

q

� n

q p ositive diagonal matrices. Then, the matrix M given by (1.1) is written as

follo ws:

M =

0

B

B

B

B

B

B

B

B

B

@

M

1

M

1

M

2

M

2

.

.

.

.

.

.

M

Q

M

Q

M

>

1

M

>

2

� � � M

>

Q

M

Q+1

1

C

C

C

C

C

C

C

C

C

A

;

where

M

q

= A

q

D

q

A

>

q

; q = 1; � � � ; Q;

M

q

= A

q

D

q

A

>

q

; q = 1; � � � ; Q;

M

Q+1

=

P

Q

q =1

A

q

D

q

A

>

q

:

When Q + 1 work er no des are av ailable, (3.5) naturally suggests the simple choice of matrix G such

that

G

‘

= !

�1

M

‘

; ‘ = 1; � � � ; L;

where L = Q + 1. Otherwise, we set, for example,

G

‘

= !

�1

diag n

M

q

‘

; M

q

‘

+1

; � � � ; M

q

‘+1

�1 o

; ‘ = 1; � � � ; L � 1;

G

L

= !

�1

0

B

B

B

B

B

B

B

B

B

@

M

q

L

M

q

L

M

q

L

+1

M

q

L

+1

.

.

.

.

.

.

M

Q

M

Q

M

>

q

L

M

>

q

L

+1

� � � M

>

Q

M

Q+1

1

C

C

C

C

C

C

C

C

C

A

;

where 1 = q

1

< q

2

< � � � < q

L

� Q + 1.

Now let A 2 R n�n

denote the co e�cient matrix of the coupling constraints, i.e.,

A =

�

A

1

; A

2

; � � � ; A

Q

�

:

W e generated test problems with v arious size, in which m

q

= m and n

q

= n for all q = 1; � � � ; Q, the

ratio of m to n is �xed at 1=4 and the num b er of non-zero elements in each matrix A

q is �xed at

8192. The characteristics of the test problems are shown in T able 3.

The p erformance of the prop osed algorithm under v arious choices of relaxation parameter ! is

examined. Figure 4 shows the results for problems QP21{QP23. The general feature of the results

is similar to that for problems with staircase structure. Note that, when ! � 1:4, the algorithm fails

to solve all the test problems generated for any choice of L.

W e then solved problems QP24{QP26 to ascertain the e�ectiveness of the prop osed algorithm for

problems with v arious size. In this exp eriment, the relaxation parameter ! is �xed at 1:0. Figure 5

sho ws the relationship b etw een the computation time and the problem size measured in term of the

n um b er Q + 1 of blo cks, for several choices of the num b er L of work er no des.

It is well known that the concept of e�ciency is useful to measure what is gained by parallel

computation (see, for example, [1, p. 14] and [15, p. 65]). W e de�ne the e�ciency e

p of the prop osed

algorithm as follows:

e

p

:=

T

p T

p

;

where T is the total computation time in the case of single PN, while T

p is the total computation

time using p PN’s. Since the algorithm is executed using L work er no des and one master no de, p

is related to L by p = L + 1. Note that e

p may exceed 1, b ecause T represents the computation

time of the serial algorithm that do es not utilize splitting but essentially applies Pro cedure PCG

to problem D directly . T able 4 shows the e�ciency of the prop osed algorithm for problems QP24{

QP26. It can b e seen from the table that high e�ciency is achiev ed, esp ecially when the num b er of

blocks is large.

6. Conclusion

W e have presented a blo ck-parallel mo di�cation of the conjugate gradient metho d for solving sepa-

rable quadratic programming problems. As shown in the preceding sections, the prop osed algorithm

can e�ectively b e implemented on a parallel computer on which each pro cessor can execute its

o wn op erations. The numerical results rep orted in Section 5 indicate that the present approach is

particularly e�ective when the problems to b e solved hav e some blo ck structure.

The prop osed algorithm is synchronous in the sense that each pro cessor has to complete its conju-

gate gradient iterations b efore the algorithm pro ceeds to the next ma jor iteration. Thus the p erfor-

mance of the algorithm could b e seriously a�ected if the amounts of conjugate gradient computations

per ma jor iteration signi�cantly v ary from one pro cessor to another. De Leone and Mangasarian [6]

ha v e presented an asynchronous parallel SOR metho d for the linear complementarit y problem. It is

one of the interesting future topics to develop an asynchronous version of the algorithm prop osed in

this pap er.

Ac kno wledgmen ts

The authors thank Mr. Tsuk asa Kimezaw a of Adv anced Systems Company Limited for v aluable

discussions on the implementation strategy and the computer programs on the CM-5.

References

[1] Bertsek as, D.P

. and Tsitsiklis, J.N.: Par al lel and Distribute d Computation: Numeric al Metho ds.

Prentice-Hall, Englewo o d Cli�s, New Jersey

, 1989.

[2] Censor, Y.: Parallel Application of Blo ck-Iterative Metho ds in Medical Imaging and Radiation

Therapy

. Mathematic al Pr o gr amming, V ol. 42 (1988), 307-325.

[3] Chen, R.J. and Meyer, R.R.: Parallel Optimization for T ra�c Assignment. Mathematic al Pr o-

gr amming, V ol. 42 (1988), 327-345.

[4] Chen, G. and T eb oulle, M.: A Proximal-Based Decomp osition Metho d for Convex Minimization

Problems. Mathematic al Pr o gr amming, V ol. 64 (1994), 81-101.

[5] Cottle, R.W., Pang, J.-S. and Stone, R.E.: The Line ar Complementarity Pr oblem. Academic

Press, San Diego, California, 1992.

[6] De Leone, R. and Mangasarian, O.L.: Asynchronous Parallel Successive Overrelaxation for

the Symmetric Linear Complementarity Problem. Mathematic al Pr o gr amming, V ol. 42 (1988),

347-361.

[7] Eckstein, J.: The Alternating Step Metho d for Monotropic Programming on the Connection

Machine CM-2. ORSA Journal on Computing, V ol. 5 (1993), 84-96.

[8] Eckstein, J. and Bertsek as, D.P

.: On the Douglas-Rachford Splitting Metho d and the Proximal

Poin t Algorithm for Maximal Monotone Op erators. Mathematic al Pr o gr amming, V ol. 55 (1992),

293-318.

[9] Eckstein, J. and F ukushima, M.: Some Reformulations and Applications of the Alternating

Direction Metho d of Multipliers. L ar ge Sc ale Optimization: State of the Art (eds. W.W. Hager,

D.W. Hearn and P

.M. Pardalos). Kluwer Academic Publishers, Dordrech t, The Netherlands,

1994, 115-134.

[10] F erris, M.C.: Parallel Constraint Distribution in Conv ex Quadratic Programming. Mathematics

of Op er ations R ese ar ch, V ol. 19 (1994). 645-658.

[11] F rommer, A. and May er, G.: On the Theory and Practice of Multisplitting Metho ds in Parallel

Computation. Computing, V ol. 49 (1992), 63-74.

[12] F ukushima, M.: Application of the Alternating Direction Metho d of Multipliers to Separable

Conv ex Programming Problems. Computational Optimization and Applic ations, V ol. 1 (1992),

93-111.

[13] F ukushima, M.: The Primal Douglas-Rachford Splitting Algorithm for a Class of Monotone

Mappings with Application to the T ra�c Equilibrium Problem. Mathematic al Pr o gr amming,

submitted for publication.

[14] F ukushima, M., Haddou, M., Nguyen, V.H., Stro diot, J.-J., Sugimoto, T. and Y amak a w a,

E.: A Parallel Descent Algorithm for Conv ex Programming. Computational Optimization and

Applic ations, to app ear.

[15] Golub, G. and Ortega, J.M.: Scienti�c Computing: An Intr o duction with Par al lel Computing.

Academic Press, San Diego, California, 1993.

[16] Hestenes, M.R.: Conjugate Dir e ction Metho ds in Optimization. Springer-V erlag, New Y ork,

1980.

[17] Iusem, A.N.: On the Convergence of Iterative Metho ds for Symmetric Linear Complementarit y

Problems. Mathematic al Pr o gr amming, V ol. 59 (1993), 33-48.

[18] Luo, Z.-Q. and Tseng, P

.: On the Conv ergence of a Matrix Splitting Algorithm for the Symmet-

ric Monotone Linear Complementarit y Problem. SIAM Journal on Contr ol and Optimization,

V ol. 29 (1991), 1037-1060.

[19] Luo, Z.-Q. and Tseng, P

.: Error Bound and Conv ergence Analysis of Matrix Splitting Algo-

rithms for the A�ne V ariational Inequality Problem. SIAM Journal on Optimization, V ol. 2

(1992), 43-54.

[20] Machida, N., F ukushima, M. and Ibaraki, T.: A Multisplitting Metho d for Symmetric Comple-

mentarit y Problems. Journal of Computational and Applie d Mathematics, to app ear.

[21] Mangasarian, O.L.: Nonline ar Pr o gr amming. McGraw-Hill, New Y ork, 1969.

[22] Mangasarian, O.L. and De Leone, R.: Parallel Successive Overrelaxation Metho ds for Sym-

metric Linear Complementarit y Problems and Linear Programs. Journal of the Optimization

The ory and Applic ations, V ol. 54 (1987), 437-446.

[23] Mangasarian, O.L. and De Leone, R.: Parallel Gradient Pro jection Successive Overrelaxation for

Symmetric Linear Complementarity Problems. Annals of Op er ations R ese ar ch, V ol. 14 (1988),

41-59.

[24] Nielsen, S.S. and Zenios, S.A.: Proximal Minimizations with D-F unctions and the Massively

Parallel Solution of Linear Network Programs. Computational Optimization and Applic ations,

V ol. 1 (1993), 375-398.

[25] Thinking Machines Corp oration: CM F ortr an Pr o gr amming Guide, V ersion 2.1. Cambridge,

Massach usetts, 1994.

[26] Thinking Machines Corp oration: CM-5 CM F ortr an Performanc e Guide, V ersion 2.1. Cam-

bridge, Massach usetts, 1994.

[27] Thinking Machines Corp oration: CMMD R efer enc e Manual, V ersion 3.0. Cambridge, Mas-

sach usetts, 1993.

[28] Zenios, S.A.: Data Parallel Computing for Netw ork-Structured Optimization Problems. Com-

putational Optimization and Applic ations, V ol. 3 (1994), 199-242.

[29] Zenios, S.A. and Censor, Y.: Massively Parallel Row-Action Algorithms for Some Nonlinear

T ransp ortation Problems. SIAM Journal on Optimization, V ol. 1 (1991), 373-400.

Eiki Y

AMAKA W A :

Department 6, A

TR Human Information

Pro cessing Research Lab oratories,

Seik a, Soraku, Kyoto 619-02, Japan.

Masao FUKUSHIMA :

Graduate Scho ol of Information Science,

Nara Institute of Science and T echnology ,

Ikoma, Nara 630-01, Japan.

T able 1: Characteristics of the test problems with staircase structure.

Each Blo ck y

T otal

Problem Q m

q n

q

Density of A

q

(%) m n

QP11 4 128 554 11.55 512 2048

QP12 8 128 561 11.41 1024 4096

QP13 16 128 564 11.35 2048 8192

QP14 2 256 1138 2.812 512 2048

QP15 4 256 1204 2.658 1024 4096

QP16 8 256 1241 2.579 2048 8192

QP17 16 256 1264 2.538 4096 16384

y

The overlap of two consecutive blo cks is ab out 10% in terms of the num b er of

columns for problems QP11{QP13, and ab out 20% for problems QP14{QP17.

T able 2: Comparison of the truncation strategies for inner iterations.

L = 2 L = 8

"

(k )

‘

Number of Iterations CPU Number of Iterations CPU

Ma jor / Inner (sec) Ma jor / Inner (sec)

Strategy (5.2) 19.2 / 124.0 30.74 27.0 / 510.6 13.88

Fixed at 10

�7

18.6 / 569.2 107.11 27.2 / 2349.6 41.21

T able 3: Characteristics of the test problems with blo ck angular structure.

Each Blo ck y

T otal

Problem Q m n Density of A

q

(%) m n

QP21 3 128 512 12.5 896 1536

QP22 7 128 512 12.5 1408 3584

QP23 15 128 512 12.5 2432 7680

QP24 3 256 1024 3.125 1792 3072

QP25 7 256 1024 3.125 2816 7168

QP26 15 256 1024 3.125 4684 15360

y

The num b er of non-zero elements in A is 4096 for problems QP21 and QP24,

8192 for problems QP22 and QP25, and 16384 for problems QP23 and QP26.

T able 4: E�ciency e

p of the prop osed algorithm.

y

Number of PN’s

Problem p = 3 p = 5 p = 9 p = 17

QP24 0.5645 0.5383 � �

QP25 0.7990 0.8853 0.7625 �

QP26 1.381 1.465 1.299 0.6777

y

F or each problem, the num b er L of work er no des v aries from 2 to Q + 1. Note

that p equals L + 1, b ecause one master no de is used b esides L work er no des.