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Motivation

Effects of the delay

reference control over network output
+
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e Plant model: Practical dc position servomechanism.

e Delay: Control u takes r steps to achieve the plant.
At the current time ¢, the plant can not but use the delayed
signal u(t — r) instead of u(t).

e Effects of the delay, r = 1, by simulation.
(Since sampling time 0.01 [s], delay time is 0.01x1 [s].)
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Motivation

Effects of the delay
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No delay Delay r =1 (0.01[s])

The slight time-delay may effect on the behavior of the
plant. Stability problem under the delay is important.

— the 7th COE postdoctoral technical presentation —

Motivation

Motivation
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e \When we want to control something, robots, RC HELs
and so on, under an ubiquitous networked circumstance,
we can not neglect the effect of a delay that occurs over
the network.

Input u(d) Output
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4>|System A|—>| Delay r |—>|System Bly——>

e Important to decide whether the existing control system

with the delay works “safely” without a divergence.

Motivation

o

ur goal

e Show two stability criterion:

delay-independent and delay-dependent stability criterion.

o Check the stability with numerical examples.

To achieve such the goal

1

2
3
4

. Systems with a single delay, using an example.
. Basic concept(definition) that “a systems is stable”.
. Delay-independent criteria and Delay-dependent criteria.

. Numerical check.
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Time-delay System

Discrete-time system with a single delay
Given initial state: z(f) € R, 0 € {0,—1,--- ,—r},

z(t+ 1) = Agx(t) + Agz(t — 7).

Example) Transitions of state x in case of r = 2:
z(1) = Aoz (0) + Ajz(—2),
z(2) = Agz(1) + Ayz(—1),
= A22(0) + Ay (=1) + AgA12(=2),

z(t) = AF'z(0) + A z(—1) + ASz(~2).
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Stability Criterion

Stability condition of Razumikhin approach
e AV < 0: the same of Lyapunov stability approach,

e Plus for some p > 1,

V(z(t+6)) < pV(x(t)) for all 9 €{0,---,—r}.

Under the effect of the delay, a value of Lyapunov function V/
is decreasing to zero as t — oo. Then, difference AV has

AV =V (z(t+1)) — V(x(t)),
<V(z(t+1)) —V(x(t)
+ afpa’(t)Pz(t) — 2'(t — r)Pz(t — r)}.
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Time-delay System

Example of time-delay systems

reference control over network output
+

©>] Plant |-g—>

T Y

Controller: u(t) = K{w(t) — y(t)}, Delay steps: r
Plant: z(t + 1) = Axz(t) + Bu(t —r), y(t) = Cx(t)

Closed-loop system with control over networks:
z(t+1)= Az(t) - BKCx(t —r)+BEKw(t —r)
y(t)= Cz(t)
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Stability Criterion

Delay-independent stability criteria(Razumikhin apprch.)

The delay-system z(t + 1) = Agz(t) + Ayz(t — r) is stable,
if there exists a scalar
a>0

and a matrix P = P’ > 0 such that
AyPAy — P+ apP AyPA,
APA, A{PA; — aP
Remark:
e p : a parameter near 1 but more than 1.

e Fix «, result in the Linear Matrix Inequality form.

— the 7th COE postdoctoral technical presentation —

Stability Criterion

Basic concept of stability(Lyapunov approach)
Lyapunov function:
V(z(t)) = 2'(t) Pz(t),

where z € R", P = P’ > 0. Distance between z(t) and zeros.

As a step t — oo,
z(t) — 0 means V(z(t)) — 0.

(3
AV = V(z(t+1)) — V(x(t)) < 0.

If there exists P such that AV < 0,
then, the system is stable.
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Stability Criterion

Delay-dependent stability criteria(Razumikhin apprch.)

e AV < 0 plus for some p > 1,

V(z(t+0)) < pV(z(t)) for all §€{0,---,—r}.

e Model transformation: z(t + 1) = Agz(t) + Ajz(t —r)
= y(t+1) = Agy(t) + Sg__o, A(O)y(t + 0)
where
Ag= A (I — A L+1,
A(8) = AT = 4)7HI = Ag), € {=r.-- 0},
A0) = —Ai (I — A)) L4y, 0e{-2r---,—r}
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Stability Criterion

Delay-dependent stability criteria(Razumikhin apprch.)
The system y(t + 1) = Agy(t) + Zo__, A(O)y(t +0) is

stable, if there exists scalars crg > 0, oy > 0 and matrices
P >0, Ry, Ry, such that

A\PAg — P +1(Ro+ Ry) <0,
29_ AG)PA(—r —6) <0,

PP — Ry, AL PA(6
apP =R APAE) <0, k=0,1.
AO)PA,  A(O)PA(O) — apP

Remark: the transformed system is stable == the original
time-delay system z(t + 1) = Aoz (t) + Ayz(t — r) is stable.

— the 7th COE postdoctoral technical presentation — £ 14

Numerical Example

Example 2
input w  control output
+ ) Plant [—¢—>

delay 7

Consider the following time-delay system with state z = [z7 22"

1.000 0.0095 —0.049  —0.044
z(t+1) = z(t)+ z(t—r),
0 0.9066 —0.9566 —0.8733

where initial states 2(f) = [6.283 0] for all # € {0,--- ,—r}.

e In the delay-dependent criteria, there exists the solutions
of a, o, Ry, Ry and P under the delay 0.01 [s].
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Numerical Example

Example 1
input +

m control output

™) —>—
delay 7
x
Consider the following time-delay system with state z = [21 22"
0.95 0 —0.0011 0.0001
z(t+1) = x(t) + x(t—r),
—-0.05 0.9 0 0
where initial states (f) = [6.283 0] for all # € {0,--- ,—r}.
o In the delay-independent criteria, there exists the
solutions of v and P.
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Numerical Example
State transitions of Example 2
e State trasitions under the delay 0.01 [s] and 0.02 [s].
x1d°
0 2(0) 4
3 2
HN'E &C\l 0
9 -2
12 “
0 1 2 3 4 5 6 -6 -4 -2 0 2 4
T Loy x16°
Delay 0.01 [s] Delay 0.02 [s]

e Under the delay 0.02 [s], the system is unstable.
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Numerical Example

Time-responses of Example 1
e Time-responses under the delay 0 [s] and 2.0 [s].

6

N T2 3 4
times] time [s]

B
time [5]
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Summary

Summary
e | showed two types of stability criterion for discrete-time
systems with a single delay.

o | performed the stability check, illustrating time-responses
and state transitions of example systems.

Future Plans
o Discrete-time ver. of another apprch to stability criterion.

e Time-delay systms with pointwise-in-time constraints.
e Model identification problem from experimental data.

e Control design, Experimental control and so on...
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